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INTRODUCTION: SEMIOTICS, MATHEMATICS AND MATHEMATICS EDUCATION:

Paul Ernest

The contributions in this issue are of a number of types. The first few, including this one, are introductory writings about semiotics, mathematics and education intended to perform an orientating function. Then there are, but not in this order, first of all papers concerning symbolism, semiotics, and discourse in research in mathematics education, and secondly papers about the relations between symbols, semiotics, mathematical objects and the nature of mathematics. These two groups are not entirely disjoint. As editor I have presumed to include several of my own contributions which I thought relevant. As reader you will, of course, choose which of these to read, so I make no apology for any excess of zeal in this department!

What has semiotics, with its concerns with the meanings of how people dress, how they exchange and use signs, to do with mathematics education? One answer is that mathematics is the quintessential study of abstract sign systems and the object of study of mathematics education is how persons come to master and use these systems. If, as I believe, both mathematics the discipline and mathematical understanding are socially constructed via endless 'conversations' at the macro and micro levels. So to understand mathematics one must attend to the texts and signs that are exchanged in these conversations. What tools are there to analyse them? The obvious place from which to draw inspiration is semiotics. Another area of interest is the analysis of the discourse of teachers and learners in mathematics classrooms. How are texts, signs and meanings being created, used, negotiated, transformed and assessed? Again, semiotic and related tools offer a conceptual way in. Of course there is no overarching theory of semiotics and variant approaches are inspired by Peirce, Saussure, Barthes, Eco, Halliday, Rotman and others. I am still exploring the theoretical basis and no end is in sight!

Semiotics offers a unique theoretical position that can serve to draw together linguistic, cognitive, philosophical, historical, social, and cultural perspectives for mathematics and mathematics education. This is because it takes the act of signifying, and the full range of communicative activities, as central. It has long been recognised that symbolism plays a unique and privileged role in mathematics. Semiotics provides through a set of pre-defined theoretical frameworks the means to study the signs and symbols of mathematics, with attention to both signifiers and signifieds, and more generally, to all acts of signification.

An important feature is that semiotics is neutral towards representationalism - the assumption that a sign must mirror the world or Mathematical Reality.  Semiotics regards signs, symbols and all of language as constitutively public.  However, meanings and imagery can be and are appropriated, elaborated and created by individuals and groups as they adopt, develop and invent sign-uses in the contexts of teaching, learning, doing and reflecting on mathematics. Thus semiotics rejects the subjective/objective dichotomy that consigns mathematical knowledge to 'in here' or 'up there'.  It provides a liberating perspective from which to study mathematics and education. It opens a new avenue of access to the concepts that have been developed for mathematics education in the social sciences, psychology and the other sciences, but it also allows access to the intellectual resources and methods of the arts and humanities.

Some open questions:

 * What can semiotic analysis offer a study of learning mathematics? 

 * What examples exist of semiotic-based research projects; cameos and findings; methodological issues? 

 * How can the basic ideas of semiotic analysis be clarified? 

 * What are the links with and new ways of conceptualising existing work in psychology of learning mathematics, mathematics and language, theories of mathematics and mathematics education afforded by a semiotic perspective?

 * Precisely how does (and might) semiotics figure in the social, cultural and contextual studies of learning e.g. in the work of Lave, Vygotsky, Activity Theory, etc.? 

 * What benefits flow from the fact that semiotic perspectives allow meanings, understanding and mental events to be viewed as not logically prior to the sign but as mutually constitutive? 

 * What can be revealed about mathematics by studying it as a semiotic system? 

 * Does semiotics have the potential to offer the basis for a unified theory of mathematics education (and mathematics)? 

 * What are the central concepts and theories of semiotics? 

 * How to clarify the ideas of sign, symbol, and accommodate the apparently irreconcilable dyadic conception of sign (e.g. the signifier and signified of de Saussure), and the triadic conception (e.g. subject, object, representamen of Peirce), whilst acknowledging the open-endedness and ambiguity of these notions? 

 * What are the possible relations between semiotics, literary criticism and discourse analysis, for example as used in interpretative paradigm research in education? How are these useful in mathematics education? 

 * Can cognitive meanings be fruitfully understood as appropriated cultural meanings of mathematical signs, as indicated in informal mathematical concepts, e.g. addition as grouping? What of the shift in such meanings historically and across the pedagogical sequence (e.g. ‘+’ in N differs significantly from ‘+’ in Z, e.g. "adding makes bigger"?). 

 * How do semiotic perspectives relate to the body, enactivism, metaphor, etc.?

SYMPOSIA

A Semiotics and Mathematics Education working group meets regularly at the conferences of British Society for Research into Learning Mathematics since 1996, co-organised by Paul Ernest and Adam Vile

A Semiotics and Mathematics Education discussion group met at the psychology of mathematics education conference in Lahti, Finland in 1997, co-organised by Luis Radford and Adam Vile

WEB SITES

Previous issues of The Philosophy of Mathematics Education Journal and Newsletter can be found at Paul Ernest's web site:  

http://www.ex.ac.uk/~PErnest/ 

The semiotics of mathematics education web-site is run by Adam Vile at:

http://www.scism.sbu.ac.uk/~vileawa

This gives details of the above symposia. Adam can be contacted directly by E-Mail at vileawa@vax.sbu.ac.uk.
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SEMIOTICS AND THE ENGLISH LANGUAGE ARTS

Charles Suhor

Semiotics has been condemned as an imperialistic discipline and praised as the most comprehensive of fields. Jonathan Culler, a well-known theorist, acknowledges that "the major problem of semiotics is its ambitions," but he notes that "the value of semiotics is linked to its unwillingness to respect boundaries,...to the conviction that everything is a sign." The central concerns of this wide-ranging field can be defined, though, and its implications for teaching can be outlined.

WHAT IS SEMIOTICS?

Semiotics is the study of SIGNS. A sign is something that stands for something else. There are three kinds of signs: 

1. symbols--signs that bear an ARBITRARY RELATIONSHIP to that which they stand for (e.g., the word "apple" by convention stands for the fruit we identify with the word).

2. icons--signs RESEMBLING that which they stand for (e.g., a painting of an apple looks like the fruit it represents).

3. indexes--signs that are INDICATORS of a fact or condition (e.g., a chest pain can indicate heartburn; smoke usually indicates fire).

Additionally, signs can be organized into SYSTEMS OF OBJECTS AND BEHAVIORS. The arts and the academic disciplines are highly complex, interrelated sign systems--formulations and configurations of symbols and/or icons. The way you set your table is part of a system of cultural signs, as is your choice of clothes, wallet photos, and bumper stickers. IDEAS are signs too, since they stand for entities as defined in one's culture. Your idea of snow, for instance, is determined by the repertoire of words, categories, pictures, and other interpretants provided by your culture.

There are three basic areas of semiotics--semantics, pragmatics, and syntactics. SEMANTICS deals with the MEANINGS OF SIGNS AND SIGN SYSTEMS; that is, meanings of words, sentences, gestures, paintings, mathematical symbols, etc. Stated another way, semantics attempts to specify the cultural definitions of all kinds of signs and sign combinations. PRAGMATICS, broadly speaking, deals with INFERENTIAL MEANING--not merely logical inference, but the subtler aspects of communication expressed through indirection ("It's drafty in here" = "Close the door") and through social contexts (as when a threat is understood as horseplay among boasting friends). SYNTACTICS deals with the STRUCTURE of signs and sign systems (such as the structure of a sentence, novel, film, fugue, or ceremony). Linguistic syntactics (phonology, morphology, and syntax) is best known by teachers, but semiotics also deals with the "syntax" of nonlinguistic sign systems.

The above definitions, adapted from Umberto Eco, Charles Morris, Charles Sanders Peirce, and others, are necessarily over-simplifications. Yet they provide some sense of the vast range of semiotics, suggesting its relationships to communication, anthropology, psychology, and various traditional school subjects.

HAS SEMIOTICS INFLUENCED THE TEACHING OF ENGLISH AND LANGUAGE ARTS?

In oral language, reading, and literature, pragmatics has had a growing influence. Literary theorists, researchers, and classroom teachers find common ground in the notion that reading and writing are not mere message transmission but complex response processes in which the readers and writers cooperate in creating meanings (Beach, 1990; Harste, et al., 1984). The student's background knowledge, indeed the student's entire repertoire of life experience, determines the qualities of meaning derived from a text. Similarly, the classroom culture set by the teacher influences not only how well students understand texts, but how they conceptualize the very acts of reading and writing. These are not merely theoretical observations. The teacher who stresses word-calling and five-paragraph themes is sending a different pragmatic message about the nature and purpose of literacy than a teacher who stresses comprehension and process writing.

Reading researchers, moreover, are asking a variety of pragmatic questions about reading: How can our understanding of children's oral language, drawings, and writing be used to enhance emergent literacy? How, and at what ages, do children develop schemata for reading different kinds of stories predictively? How can Peirce's theory of cognition (especially, abductive inference) advance our understanding of reading comprehension?

WHAT ARE THE GENERAL IMPLICATIONS OF SEMIOTICS FOR TEACHING?

A comprehensive view of curriculum is implicit in semiotics insofar as ALL EXISTING SCHOOL SUBJECTS--AND EVEN SUBJECTS NOT YET FORMULATED--ARE BY THEIR NATURE WAYS OF ORGANIZING SIGNS. If we think of learners as individuals with the potential for understanding and communicating through a variety of signs (such as linguistic, gestural, pictorial, musical, and mathematical signs) and sign systems, we gain a fresh perspective both on human potential and on the organization of school subjects.

A constellation of cognitive, aesthetic, and psychomotor skills is brought to the surface when we consider students' abilities to understand and perform in numerous sign systems. The role of language in the curriculum, moreover, takes on new power in the semiotic perspective. Language is the main arbiter as students learn to use and understand all of the other symbol systems. Language is used by musicians and visual artists in articulating their intentions and describing their techniques. Analysis of the syntax of any nonlinguistic object, from an equation to a piece of sculpture, involves language. So does description of the ideas or emotional responses that the object evokes in us.

The centrality of language in semiotics can be disputed on theoretical grounds, but as Eco (1978, p. 174) says, "Language is the most powerful semiotic device that man has invented." Piaget (1970, pp. 45-46) states that "language is but one among...many aspects of the semiotic function, even though it is in most instances the most important." John Carroll acknowledges the educational importance of pictorial forms but notes that they "are almost always accompanied by language and often require language to make them intelligible" (1974, p. 156). Language across the curriculum, then, is not a mere buzzphrase; it is an essential condition for learning.

Semiotics is an overarching conception that provides a stronger basis for interdisciplinary studies than traditional rationales like the humanities and aesthetic education, or more recent ones like global education and visual literacy. (Suhor and Little, 1988) Consistent with Howard Gardner's theory of multiple intelligences (1989), a semiotics-based curriculum would in Dyson's phrase, seek to help children to "develop as symbol users" (1986, p. 800). It would encourage students to talk about the paintings and music they produce, to create collages expressing the themes of novels and plays, to write about the things they see under microscopes, and to engage in a variety of purposeful cross-media activities.

The richness of skills required in a semiotics-based curriculum is evident. Salomon (1970) points to the broad range of mental skills required in multimedia reception and production. Dickson sees in new technologies an immense potential for "juxtaposing symbol systems" in ways that "contribute to the development of metacognitive awareness and higher-order problem-solving skills" (1985, p. 37). The very range of semiotics and its potential for organizing our thinking about curriculum in new ways can add structure and substance to arguments for the things that teachers value: oral language, the written word, the arts, interdisciplinary study, and the articulate exchange of ideas and feelings among students. 
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PEIRCE'S SIGN AND MATHEMATICS EDUCATION: AN INTRODUCTION

Howard A. Smith

Faculty of Education, Queen's University, 	Kingston, Ontario K7L 3N6, Canada

Email: SmithH@Educ.QueensU.Ca

Internet: http://educ.queensu.ca/~smithh

My purposes in this brief presentation are to outline some of the principal features of the sign as conceived by Charles Sanders Peirce and to sketch the relationship between Peirce's sign and mathematics education. To this end, I will: (a) summarize Peirce's notion of sign and the associated semiotic process, (b) draw some parallels between the ideas of Peirce and Vygotsky (1978), (c) explain how Peircean semiotics supports a full conception of constructivism, and (d) link Peircean semiotics to classroom instruction. I hope to show that Peirce's formulations are very suited to the conception of, and instruction in, mathematics education.

Although mathematics as a discipline can be described as a socially-constructed entity that has become an important part of cultural knowledge, my focus at this time is on the individual learner and how s/he makes sense of mathematics in the context of her/his own life and cultural setting. Although the distinction between collective and individual knowledge should not be a simple one to make, I shall try to maintain that separation here.

The Sign According to Peirce

About 1897 Charles Peirce (1839-1914), who is often considered to be the primary creator of modern semiotics, described semeiotic (Peirce used the English word form that was closest to the original Greek) as "the...formal doctrine of signs" (Hartshorne & Weiss, 1932, p. 134). Today, semiotics is defined as the doctrine, or study, or science of signs. Less formally, semiotics is explained as the study of all systems of signs (including such disparate subjects as mathematics, architecture, language, music, and dance) and symbols (which are special cases of signs in Peirce's system), as well as the study of how signs are used in making meanings and messages.

Peirce's best known definition of sign reads as follows (Hartshorne & Weiss, 1932, p. 135):

A sign, or representamen, is something which stands to somebody for something in some respect or capacity. It addresses somebody, that is, it creates in the mind of that person an equivalent sign, or perhaps a more developed sign. That sign which it creates I call the interpretant of the first sign. The sign stands for something, its object. It stands for that object, not in all respects, but in reference to a sort of idea, which I have sometimes called the ground of the representamen.

Throughout his writings, Peirce expanded on the assorted elements and trichotomies that compose the irreducible sign triad of object, sign (or representamen), and interpretant. Although the debate continues 100 years later about how to interpret this definition of the sign and its dynamic processes, my condensed interpretation of a single sign function reads as follows. From an Immediate Object, that part of the Dynamical (i.e., "real") Object which determines the sign based on the Immediate Interpretant (an existing representation derived from past experience), a Sign is created which determines the Dynamic Interpretant (the actual semiotic effect, or reaction, produced by the sign). This process is a never-ending one of semiosis that progresses toward the Final Interpretant, which is the result of the ultimate sign producing its full effect on the mind. Any single experience can be seen as enhancing the quality or depth of the resulting interpretant which in turn creates a more developed sign. Let us turn to a concrete example: in the mathematics classroom, a teacher may reach for a metre stick to underline a number line concept. Depending on students' prior experiences with metre sticks, they may perceive a weapon, a flat cane, a measuring unit, or a form of numerical representation. However, for all of these students, increased experience with the metre stick in a mathematical context will alter in an ongoing way their perceptions of what that object represents to them. Hopefully, the metre stick will gradually become a sign of mathematical activity imbued with mathematical meaning that continues to develop through life.

It is important to note that Peirce emphasized the irreducible nature of the functioning sign even though he developed trichotomies of relationships within the sign elements themselves. Thus, the relationships: (a) of the sign with itself (or, some would say, with its ground) are the qualisign, sinsign, and legisign to represent firstness, (b) of the sign with its object are the icon, index, and symbol to represent secondness, and (c) of the sign with its interpretant are the rheme, dicisign, and argument to represent thirdness. In recent years, many scholars have tried to isolate the trichotomies, especially the icon, index, and symbol, even though this action destroys the integrity of the sign. Dissociating the trichotomies in this way is akin to studying the effects of water by examining the properties of hydrogen or oxygen.

I think that Peirce's concept of the sign and its continuous development within the context of different cultural systems such as language and mathematics makes eminent sense. This view accepts that individuals see and understand mathematics very differently from one another depending on prior experiences.

Peirce and Vygotsky

The making of meanings by individuals has been a focus of study throughout the history of western thought, despite the substantial influence of logical positivism and behaviourism during the past century. One of the most currently influential lines of scholarship derives from the Russian sociohistorical school of thought that is represented most substantially by Lev Vygotsky (1896-1934). Vygotsky is associated with at least three main premises (cf., Cole, 1990; Smith, 1995; Vygotsky, 1978; Wertsch, 1985a, 1985b). The first of these is that humans are linked with the physical world and each other by processes of cultural mediation. This mediation is achieved by using both the psychological tools or signs (e.g., mathematics and languages) and the technical tools (e.g., hoes and hammers) of the surrounding culture. A second major premise is that cultural mediation and, therefore, human psychological functions are historical phenomena which undergo continuous and lifelong change. Vygotsky's third premise is that psychological functions arise from practical activity in specific contexts. Lave and Wenger (1991) have advanced this perspective to embrace what they term "legitimate peripheral participation".

From a Peircean perspective, Vygotsky's psychological and technical tools are signs or systems of signs. In addition, Vygotsky's premise that cultural mediation and human psychological functioning are ever-changing historical phenomena is entirely consistent with Peirce's view that evolving signs, or meanings, undergo continuous change and development, or semiosis, in the context of one's sociocultural environments. The third Vygotskian premise, that human psychological functions arise from practical activity in specific contexts, is entirely consistent with tenets of pragmatism, the philosophical base of Peircean semiotics.

Of course, Vygotsky and Peirce differ in a number of specific details and emphases. Nevertheless, some of Vygotsky's major contributions, such as the zone of proximal development, lend themselves to analysis from within the Peircean framework. Indeed, establishing such links is an important area for further research (e.g., Oppizzi, 1997).

Peirce and Constructivism

At the present time, constructivism is a "buzz word" with substantial currency in academic and teaching circles. Numerous recent books and articles on mathematics and science teaching, in particular, have addressed assorted elements of constructivism (e.g., Davis, Maher, & Noddings 1990; Hills 1992). But what is "constructivism"? How rational is the construction of knowledge? What is being "constructed", and to what ends, in the constructivist process (Smith, 1997)? How is constructivism related to Peirce's semiotic process? 

Recently, Epstein (1994) provided one means of understanding the full nature of constructivism. Epstein proposed that there are two systems for understanding the world: the "experiential" and the "rational". These systems are parallel and interacting and each is comprised of constructs that bear on both the self and the world. The experiential system, with a long evolutionary history, is described as holistic, affective, composed of associationistic connections, able to respond immediately, capable of being experienced passively and preconsciously, and subject to context-specific processing. Learning in this system is characterized by affect, pictures, parables, and stories. Religion communicates well with this system, as do superstitions, fears, and advertising. In the experiential system, schemata are constructed which consist mainly of generalizations from emotionally significant past experiences and which are organized into an overall adaptive system. The generalizations are formed by and occur through prototypes, metaphors, scripts, and narratives.

On the other hand, the rational system, with a short evolutionary history, is described as analytic, logical, composed of logical connections, oriented toward delayed action, capable of being experienced actively and consciously, and characterized by cross-context processing. Learning in this system is deliberate, effortful, and rational, with a heavy dependence on language. This system is constantly influenced out of awareness by the experiential system. In the rational system, beliefs are constructed from cultural sign systems such as language and mathematics. Thus, when the individual is taken as the unit of analysis in a constructivist process, Epstein's model holds that constructions occur on two levels and that these constructions are very different in nature, influence, and scope. Most academic endeavours emphasize constructivist products of the rational system and deny or downplay products of the experiential system.

How does Peircean semiotics link with this more complete view of constructivism? Peirce's sign embraces both systems, the experiential and the rational, in its definition and elaboration as suggested above. Recall that elements which constitute the sign involve firstness (involving feelings or sensations), secondness (the hard facts of experience or encounters with brute reality), and thirdness (the rational thoughts that are neither the qualities of firstness nor the facts of secondness, but which incorporate both prior elements of phenomena). Accordingly, we can understand both constructivism in its full sense and Peircean semiotics as emphasizing learning process over learning product by promoting sign development that is both contextually-sensitive and inextricably linked to prior relevant experiences. In this view, mathematics education can be supported as a contextually-tied activity involving the promotion of semiosis. The teacher's role changes from transmitting information and seeking predetermined responses to co-participating with students in activities that promote meaningful learning. Speaking semiotically, this form of teaching promotes at the individual level an ongoing development of the sign and an increased competence in the sign system that is mathematics.

Peircean Semiotics Applied to Mathematics Education

As the foregoing indicates, developing signs for mathematics is linked to continued and meaningful exposure to mathematical concepts and, more importantly, mathematical activities. However, mathematics and logical-mathematical thinking constitute just one of at least eight modes of knowing, or knowledge domains, or intelligences (Gardner, 1983, 1995). Further, as most teachers know, many students have much more extensive experience (i.e., have better developed signs) in one of these alternative modes of knowing. The challenge for the teacher in this case is to promote learning and meaning in mathematics instruction by linking mathematics to the learner's preferred or stronger intelligence. This process is known as transmediation (Siegel, 1995), which may be defined as the generative process of translating meaning from one system of signs to another (e.g., from music or language to mathematics). In this process, one seeks to construct analogous meanings in sign systems which are different from the sign system(s) used to deliver the original messages. Transmediation may occur more easily if teachers use different modes of instruction and permit different forms of class assignments. Several other suggestions for the classroom mathematics teacher follow.

Acknowledge the central role of group activities in meaning-making. Although the emphasis here has been on development of the sign in individuals, the making of meaning is also guided by broader cultural agendas that may be either explicit or implicit in nature. In school, teachers should recognize the value of cooperative learning among peers with the realization that knowledge is social, negotiated, and distributed.

Provide a variety of tasks for a variety of domains. As described above, humans learn in a variety of ways. Thus, mathematical concepts are not, and should not be confined to, abstract linear tasks. Teachers can take advantage of students' deeper knowledge (i.e., more developed signs) in other ability systems by representing a fuller scope of mathematics and by appealing to transmediation. For example, learners with few mathematical strengths might be encouraged to perform first in linguistic, musical, spatial, or bodily�kinesthetic realms before attempting to represent the parallel meaning in logical-mathematical form. This procedure was used by Griss (1994), who reported the use of creative movement as a means of teaching topics in such diverse areas as mathematics, science, literature, and social studies.

Teach for understanding. Teaching for understanding is consistent with the main premises of semiotics and constructivism. This approach acknowledges the multidirectional nature of learning and meaning-making that must be achieved by all learners, including the teacher. Several assumptions follow from this perspective on learning: (a) the teacher encourages multiple perspectives on a task, (b) both individual and group activities are used, (c) different classroom roles are assumed by both students and teacher, with the latter modeling continuous learning, (d) subject matter is related directly to students' lives and engages them actively in meaningful contexts, (e) process and continuous self-assessment rather than product alone are emphasized, and (f) the ideas of students are taken seriously and honestly attended to. For example, Haas and LoPresto (1994) reported on a project in which students explained the solutions to complex mathematical problems before a panel of judges. Efforts such as these support students' development of competency in the signs of mathematics by providing authentic tasks that are made meaningful.

Acknowledge individual interests and strengths.  In the foregoing discussion, it was noted that learners should be encouraged to make meaning within their preferred or stronger sign systems. The often-cited expression "start where the child is" still holds.

Summary

In this presentation, I have introduced Peirce's sign and its relationship to some key premises of Vygotsky and of comprehensive constructivism. I have tried to underline that, to be consistent with Peirce's semiotic approach, mathematics education should be seen as extending well beyond a simple rational undertaking to involve the embodied mind in the context of cultural activity. Hopefully, this stance will be perceived as a liberating rather than constricting one for teachers of mathematics.

References

Cole, M. (1990). Cognitive development and formal schooling: The evidence from cross-cultural research. In L. C. Moll (Ed.), Vygotsky and education: Instructional implications and applications of sociohistorical psychology (pp. 89-110). Cambridge: Cambridge University Press.

Davis, R. B., Maher, C. A. & Noddings, N. (Eds.) (1990). Constructivist views on the teaching and learning of mathematics. Journal for Research in Mathematics Education Monograph, 4.

Epstein, S. (1994). Integration of the cognitive and the psychodynamic unconscious. American Psychologist 49, 709-724.

Gardner, H. (1983). Frames of mind: The theory of multiple intelligences. New York: Basic.

Gardner, H. (1995). Reflections on multiple intelligences: Myths and messages.

Phi Delta Kappan, 77, 200�209.

Griss, S. (1994). Creative movement: A language for learning. Educational Leadership, 51(5), 78-80.

Haas, N. M., & LoPresto, S. (1994). Panel assessments: Unlocking math exams. Educational Leadership, 51(5), 69-70.

Hartshorne, C., & Weiss, P. (Eds.) (1932). Collected papers of Charles Sanders Peirce, Vol. 2: Elements of logic. Cambridge, MA: Harvard University Press.

Hills, S. (Ed.) (1992). The history and philosophy of science in science education, Vol. 2. Kingston, ON: Queen's University, The Mathematics, Science, Technology and Teacher Education Group and the Faculty of Education. 

Lave, J., & Wenger, E. (1991). Situated learning: Legitimate peripheral participation. Cambridge: Cambridge University Press.

Oppizzi, L. (1997). Exercice, transmission et acquisition des connaissances cliniques chez des practiciens de la médicine chinoise. Lausanne, Switzerland: University of Lausanne, Institute of Psychology.

Siegel, M. (1995). More than words: The generative power of transmediation for learning. Canadian Journal of Education, 20, 455-475.

Smith, H. A. (1995). Cultural psychology and semiotics: Confronting meaning in educational practice. Canadian Journal of Education, 20, 407-414.

Smith, H. A. (1997, June). Situating constructivism: Psychological and world view considerations. Paper presented at the meeting of the International History and Philosophy of Science and Science Teaching Group, Calgary, Alberta, Canada.

Vygotsky, L. S. (1978). Mind in society: The development of higher psychological processes. Cambridge, MA: Harvard University Press.

Wertsch, J. V. (1985a). Vygotsky and the social formation of mind. Cambridge, MA: Harvard University Press.

Wertsch, J. V. (Ed.). (1985b). Culture, communication, and cognition: Vygotskian perspectives. Cambridge: Cambridge University Press.


�
REVIEW OF THE ELECTRONIC EDITION OF THE COLLECTED PAPERS OF C. S. PEIRCE

Paul Ernest

The Collected Papers of Charles Sanders Peirce, volumes 1-6 edited by Charles Hartshorne and Paul Weiss published in 1931-1935, and volumes 7-8 edited by Arthur Burks published in 1958 (Cambridge, MA: Harvard University Press) have been produced in electronic edition on CD-Rom as an indexed and searchable database. 

This is one of the philosophical works in The Past Masters Series of Bibliographic Databases produced by InteLex Corporation. The corporation has a Web site at  http://www.nlx.com , and an E-mail address of  sales@nlx.com .  You can get specific information about this database and the rest of the series at:  http://www.nlx.com/cat/peirce.html  and  http://www.nlx.com/catalog.html  for the rest of the Past Masters series, which includes the published works of Wittgenstein (mainly in German).

On the C. S. Peirce CD-Rom, in addition to the 8 volumes of collected papers there is a Peirce Bibliography and a useful and lively Editorial Introduction by John Deely which locates it in current semiotic and Peirce scholarship.

Charles Sanders Peirce is one of the key founders of semiotics, and a great philosopher, mathematician, and logician. He is widely regarded as the most original thinker the United States of America has produced to date.  His ideas are deep and perhaps difficult, especially as he is fond of inventing his own technical terminology. This is not mere jargon, as it represents a wide and deep conceptual framework which is far from fully explored and utilised. Peirce is a clear thinker and lucid writer of the highest order. Having Peirce’s work on CD-Rom is a great boon. It means that the widely scattered references to say ‘mathematics’ or ‘sign’ can be traversed easily, and key passages located.

It has now become acknowledged that semiotics is the central hinge on which all of Peirce’s thought turns. As John Deely says in his introduction “the principal optic through which Peirce early and ever-after came to view the problems of philosophy [is ] the optic of "semiotic", as he called it”.

It would be foolish and arrogant of me to try to summarise Peirce’s work in this review, so instead I let him speak for himself. Of course my not so invisible hand lies in the choice of passages. Some indication of the nature and range of his thought is given by the following quotes, which struck me as intriguing, memorable or important.

There are three kinds of signs which are all indispensable in all reasoning; the first is the diagrammatic sign or icon, which exhibits a similarity or analogy to the subject of discourse; the second is the index, which like a pronoun demonstrative or relative, forces the attention to the particular object intended without describing it; the third [or symbol] is the general name or description which signifies its object by means of an association of ideas or habitual connection between the name and the character signified. (Peirce, Collected Papers, Vol. 2, par. 243.)

A sign stands for something to the idea which it produces, or modifies. Or, it is a vehicle conveying into the mind something from without. That for which it stands is called its object; that which it conveys, its meaning; and the idea to which it gives rise, its interpretant. The object of representation can be nothing but a representation of which the first representation is the interpretant. But an endless series of representations, each representing the one behind it, may be conceived to have an absolute object at its limit. The meaning of a representation can be nothing but a representation. In fact, it is nothing but the representation itself conceived as stripped of irrelevant clothing. But this clothing never can be completely stripped off; it is only changed for something more diaphanous. So there is an infinite regression here. Finally, the interpretant is nothing but another representation to which the torch of truth is handed along; and as representation, it has its interpretant again. Lo, another infinite series.  (Peirce, Collected Papers, Vol. 3, par. 339)

The … reader [might] suppose that indices have exclusive reference to objects of experience, and that there would be no use for them in pure mathematics, dealing, as it does, with ideal creations, without regard to whether they are anywhere realized or not. But the imaginary constructions of the mathematician, and even dreams, so far approximate to reality as to have a certain degree of fixity, in consequence of which they can be recognized and identified as individuals. In short, there is a degenerate form of observation which is directed to the creations of our own minds--using the word observation in its full sense as implying some degree of fixity and quasi-reality in the object to which it endeavours to conform. Accordingly, we find that indices are absolutely indispensable in mathematics; and until this truth was comprehended, all efforts to reduce to rule the logic of triadic and higher relations failed; while as soon as it was once grasped the problem was solved. The ordinary letters of algebra that present no peculiarities are indices. So also are the letters A, B, C, etc., attached to a geometrical figure.  (Peirce, Collected Papers, Vol. 2, par. 305).

As for algebra, the very idea of the art is that it presents formulæ which can be manipulated, and that by observing the effects of such manipulation we find properties not to be otherwise discerned. In such manipulation, we are guided by previous discoveries which are embodied in general formulæ. These are patterns which we have the right to imitate in our procedure, and are the icons par excellence of algebra. The letters of applied algebra are usually tokens, but the x, y, z, etc., of a general formula, such as    (x+y)z = x z + y z,   are blanks to be filled up with tokens, they are indices of tokens. Such a formula might, it is true, be replaced by an abstractly stated rule (say that multiplication is distributive); but no application could be made of such an abstract statement without translating it into a sensible image.  (Peirce, Collected Papers, Vol. 3, para.364) 

In mathematical reasoning there is a sort of observation. For a geometrical diagram or array of algebraical symbols is constructed according to an abstractly stated precept, and between the parts of such diagram or array certain relations are observed to obtain, other than those which were expressed in the precept. These being abstractly stated, and being generalized, so as to apply to every diagram constructed according to the same precept, give the conclusion.  (Peirce, Collected Papers, Vol. 2, par. 216)

We form in the imagination some sort of diagrammatic, that is, iconic, representation of the facts, as skeletonized as possible. The impression of the present writer is that with ordinary persons this is always a visual image, or mixed visual and muscular; but this is an opinion not founded on any systematic examination. If visual, it will either be geometrical, that is, such that familiar spatial relations stand for the relations asserted in the premisses, or it will be algebraical, where the relations are expressed by objects which are imagined to be subject to certain rules, whether conventional or experiential. This diagram, which has been constructed to represent intuitively or semi-intuitively the same relations which are abstractly expressed in the premisses, is then observed, and a hypothesis suggests itself that there is a certain relation between some of its parts--or perhaps this hypothesis had already been suggested. In order to test this, various experiments are made upon the diagram, which is changed in various ways. This is a proceeding extremely similar to induction, from which, however, it differs widely, in that it does not deal with a course of experience, but with whether or not a certain state of things can be imagined. Now, since it is part of the hypothesis that only a very limited kind of condition can affect the result, the necessary experimentation can be very quickly completed; and it is seen that the conclusion is compelled to be true by the conditions of the construction of the diagram. This is called "diagrammatic, or schematic, reasoning." (Peirce, Collected Papers, Vol. 3, par. 778.)

Another operation closely allied to generalization is abstraction; and the use of it is perhaps even more characteristic of mathematical reasoning than is generalization. This consists of seizing upon something which has been conceived as a {epos pteroen}, a meaning not dwelt upon but through which something else is discerned, and converting it into an {epos apteroen}, a meaning upon which we rest as the principal subject of discourse. Thus, the mathematician conceives an operation as something itself to be operated upon. He conceives the collection of places of a moving particle as itself a place which can at one instant be totally occupied by a filament, which can again move, and the aggregate of all its places, considered as possibly occupied in one instant, is a surface, and so forth. (Peirce, Collected Papers, Vol. 1, par. 83.)

Peirce has little to say directly about learning or education, but he has much that is profound to say about mathematics, knowledge, and logic and he invents many of the tools and concepts of modern semiotics single-handed. His analysis of the semiotics of mathematics is powerful and surprising. Furthermore, his fascinating account of mathematical understanding as the apprehension and manipulation of mental images has much to offer the psychology of mathematics, but which has yet to be fully exploited. 

To anyone wanting to explore the thought of Peirce, this CD-Rom is a godsend. There are many rich diagrams in the text on the CD-Rom, and in Windows they appear on the screen effortlessly, so this is not a mere collection of ASCII text.
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LOGIC AS SEMIOTICS - PEIRCE’S EXISTENTIAL GRAPHS AND POSSIBILITIES FOR MAKING MORE SENSE IN LEARNING LOGIC.

Adam Vile

Charles Sanders Peirce is known for his contributions to a number of fields. Specifically he is associated with Semiotics, Logic and Pragmatism and  it is clear that for Peirce there are inextricable links between all three:

Logic, in its general sense, is, I believe I have shown, only another name for semiotic, the quasi necessary or formal, doctrine of signs.  (Buchler (1958) page 98.) 

It is this connection, between logic and semiotics that I want  to explore in this article, specifically within the context of teaching logic.

Peirce’s early work centred around the development of a semiotic which would act as a consistent philosophical  basis for the world. The perspective he offered in his "new list of categories"(1867) was an attempt to offer an alternative to the Kantian view from a this semiotic perspective.  It is here that he first introduces the notion of thirdness, a concept that is to be found in various manifestations throughout his work.

By now much of the substance of Peirce's early work should be familiar to readers and I shall not repeat it here. Brief synopses can be found in Vile and Lerman (1996)  Radford and Grenier (1996) or in general terms in Eco (1979). What is of interest here will be his later work in which, from a semiotic underpinning, he attempted a development of logic aimed at clarifying reasoning and formulating easily understandable  general principles of reasoning:

Now although a man needs not the theory of a method in order to apply it as it has been applied already, yet in order to adapt to his own science the method of another with which he is less familiar, and to properly modify it so as to suit it to its new use, an acquaintance with the principles upon which it depends will be of the greatest benefit. For that sort of work a man needs to be more than a mere specialist; he needs such a general training of his mind, and such knowledge as shall show him how to make his powers most effective in a new direction. That knowledge is Logic.  [1]. page 198.

Such a grand design, but how was it achieved? Through a semiotic perspective. Peirce applied his notions about signs and their nature, along with his knowledge of logic (in which he had great prowess), to the problem of the representation of reasoning, resulting in a form of diagramming which he called existential graphs. For Peirce his graphs, and actions upon them represented relationships and  reasoning in a most clear form and unambiguous form.  Peirce considered deductive logic to be the study of process, and an empirical science and he saw his graphs as providing a context for experimentation. 

One can make exact experiments upon uniform diagrams; and when one does so, one must keep a bright outlook for unintended and unexpected changes thereby brought about in the relations of different significant parts of the diagram to one another…… Just so, experiments upon diagrams are questions put to the Nature of the relations concerned. (4.530)�

I am inclined to agree with Zeman (1997) who suggests that in his graphs Peirce is aiming at an iconic, transparent, representation of relationships, a sign that he has identified with clarity and with connection (with an object) through resemblance. In fact, Zeeman goes on to say, the notion of iconicity is directly connected with the mathematical idea of (one to one) mapping and that Peirce aims through his graphs to "map" the important features of mind, and hence externalise reasoning.

Without further ado let us see a simple example of Peirce's Existential graphs to help contextualise this discussion. To illustrate, let us examine Modus Ponens, represented in traditional propositional logic as (p ( (p ( q)) ( q . Logically p Û q is equivalent to ~(p ( ~q). Existential graphs always represent logic denoted in 'and' and 'not' form, thus the antecedents of Modus Ponens can be represented by the following existential graphs:

�

With the co-existence of each propositional element describing the 'AND' relationship and the  'rings' being  equivalent to ~(...), the 'not' relationship. These rings  are known as negative contexts.  There are a few other terms (Peirce was fond of his neologisms) that it is necessary to explain, and a few rules to grasp. For example:

Elements not within any negative contexts are in the outermost context:

An element is dominated by another element if the dominated element is ringed by a negative context and  the dominating element is outside that boundary. 

Any dominated element that matches a dominating element can be 'rubbed out' or deiterated.

So in the graph above, as p is dominated by its matching p in the outermost context, it can be deiterated leaving q surrounded by two rings alone. After removing p within the single negative context level, the resulting graph simply states ~(~q) which, by double negation, results in q, this all sounds complicated until we see the following existential graphs 

�

I want to suggest that existential graphs are a more visual and holistic way to view logical reasoning, and  although clearly  the system is isomorphic to the more usual, more symbolic, approach to predicate logic it has a certain degree of 'perspicacity', particularly in terms of meanings which is obscured in the more traditional approach. This is more evident in more complex examples:

For instance consider the graphs: 

�

�

all this could be deiterated to yield: 

�

In traditional propositional form this is just an example of  resolution using MP but I believe that there is a sense in which this representation is 'more obvious'. (see Polovina and Heaton (1991) for a more detailed discussion of existential graphs and of their enhancement, conceptual structures).

There has been much recent interest in Peirce logic (Searle et al (1997)) and applications of the graphical approach have been seen to be of value in areas such as information systems (Raban (1997)) and accounting (Polovina (1997)) But also Peirce's categories of logical reasoning, Deduction, Induction and Hypothesis (abduction) have proven useful as tools of interpretation in mathematics education (Saenez-Ludlow (1997), Vile (1996)). It would seem that a less abstract approach to logical reasoning would provide possible route to overcoming problems in learning and doing logic. 

Logic is the backbone of mathematics and computer science, yet it is clear from the limited research in this area that many intending mathematicians and computer scientists have very limited logical facility.  For example Barnard (1995) has shown convincingly that simply negating a statement can be problematic and the recent London Mathematical Society report (Howson 1996) confirms that students ability to prove is very poor.  In my own teaching I have found that many students have problems with understanding the nature of implication (Vile and Polovina (1997)). The reasons for this are as yet unknown although there is evidence to suggest that the degree of symbolism and abstraction in logic (Dubinsky et al. (1998) ) and in mathematics in general (Vile (1996)) cause conceptual difficulties.

Peirce suggested  that " [through a] System of diagrammatization … any course of thought can be represented with exactitude" (1906, p492), and most of the work he carried out in the later part of his life was in working towards ways of achieving this exactitude. I must admit to being a relativist and as a result having to disagree with Peirce on this point, nevertheless I do believe that his work was not in vein, for although it is not possible (in my world view at least0 to represent or map the ';mind' exactly, the very process of constructing a map (in the form of an existential graph)  helps me to construct a meaning in action. In my experience, logical connections appear to me as I draw and later as I take a step back and view my system as a whole. Resolution is then a simple mater of 'abducing' through Peirce's generic laws. I can certainly see what Zeeman means when he refers to the iconic nature of existential graphs and I can see in the graphs themselves a manifestation of Peirce' semiotics.

So, why not try Peirce graphs as a system for logical exploration with students, of course that is what my colleague and I intend to do. We expect (because that is how we feel about existential graphs ourselves when we are using them) to find that students can 'see' the logic and have a more holistic and intuitive feeling for resolution and deduction. But we are not sure, what we do know is that do students have problems in logical reasoning and that as yet Peirce logic has not been tried as a context for overcoming these problems. Certainly the approach fits within a semiotic of mathematics education in that 1) Peirce graphs themselves are a result of semiotic enquiry into the nature of mind and relations and 2) the apparent iconicity of the graphs indicates a less arbitrary, and hence less complicated meaning-set necessary for comprehension. We shall see! 
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A PLAY ON THE WICKEDNESS OF UNDONE SUMS

A Play on the Wickedness of Undone Sums, Including A Brief Mytho-Phenomenology of "X" and Some Speculations on the Effects of Its Peculiar Absence In Elementary Mathematics Education

David W. Jardine

University of Calgary

with 

Sharon Friesen

Rockyview School Division

Car ride to school. And I'm quizzing my 14 year old son, Eric, about how math is going lately, what they have been doing, whether he understands. The class has just entered in to the nebulous beginnings of algebra, and Eric offhandedly said "I don't really get this stuff about 'x.'"

Suddenly I was drawn away. I have been working for the past few years with Sharon Friesen and her teaching partner, Patricia Clifford, who have been working both in elementary and middle school classrooms over the past few years. Sharon is a brilliant mathematics teacher, and part of her brilliance is how she is able, even with the youngest of children, to maintain the integrity of the discipline of mathematics and help children find ways in to its real work, underneath the burgeoning and often seductive trivialities that pass for some elementary school mathematics "activities."

Our conversation, now so oddly coincidental with Eric's quandary: no mathematician would ever write "5 + 3 = __." They would always write "5 + 3 = x." If you do not write in the "x," you turn what is, mathematically speaking, an equation into an unanswered question, as if you are saying "five plus three equals?" with a rising pitch of voice at the end.

More disturbing still, without the "x," equality is turned into an operation, something you have to now do.

We talked through all those long lists of so-called "math facts" that children are given in school, each one missing an "x."

And how each one becomes filled with an odd and inappropriate form of anticipation and suspense, as if, with "5 + 3 = __," a pendulum were pulled over to the left hand side, tensed, unable yet to let go, needing our concerted intervention in order to achieve its blessed release.

Once the "x" is returned to its proper place, this suspense is not fulfilled but lifted. Equivalence becomes, not a question but a state, a point of rest. 

It loses some of its compulsiveness. 

With "5 + 3 = x," we can finally admit that there already is equivalence (even though what it is may be undetermined). Equivalence is now no longer an operation. It no longer longs or waits or demands to be done. It no longer needs us to do it. We need no longer be actors or manipulators or constructors drawn into the frays of action and manipulation and construction.

As this once-taunt pendulum now rests in equivalence, we, too, can now rest in it.

Without the "x," vision becomes narrowed and singular: answer it, make this equivalence (in school talk, "five plus three makes?" is commonplace).  With the reappearance of "x," a wide field of movement and choice and decision and consequence flowers open. What was once made narrow and singular by the absence of "x" is now an open topography of relations, a "space," a "place" with relatives and kith and kin.

So now, a new pleasure arises to replace the tensed pendulum jitters. Now that we know that there is an "x," we ourselves can rest with some existential assurance in a given field of equivalence, with all of the multiple possibilities involved. Against such a background of possibilities, manipulation becomes careful, measured. We can (carefully!) manipulate the equation "5 + 3 = x," into "5 + 3 - x = 0" or even "-x = - (5 + 3)," and so on. 

Without the "x," the very idea that you can do anything to one side of an equation as long as you do the same to the other side is not simply meaningless. 

It is impossible. 

Without the "x," children can come to believe that subtraction is one more damn thing to be done (and teachers can come to believe that subtraction is one more damn thing to be taught). 

With the "x," it is possible to see that subtraction is already co-present in the givenness of "5 + 3 = x" as an implicate relation living at the very heart of addition.

With such existential assurance that, we can now safely ask "What is 'x'?" We are safe, now, because our actions and manipulations and constructions are no longer necessary to the very Being of Things: that is given, it is already assured, even though what it might turn out to be still suffers the indeterminacy of "x."

Constructivism, we might say, has found its limit. 

A "that there is" of implicate family resemblances flowers opens without us. 

Alethia: the word hermeneutics invokes for truth as uncovering, opening up. 

"5 = 3 = __," we might say, is lethal, deadening. Nothing can open up. 

Truth in this hermeneutic sense is not possible with out an "x" which throws open a field of relations and revelations that we can now come upon and cannot simply "construct." With such a field of relations, we must be careful, considerate, quiet sometimes, sometimes full of vigour and ebullience. Our actions are held in place. 

We are no longer little gods, and the stories of mathematics are no longer stories only about us and our heroic deeds of construction. We are in a place, and our deeds become heroic only if we do what is needed, what is proper to this place.

What is regained with the re-placement of "x," then, is a hint of the deep pleasures that mathematicians experience in entering in to open play-fields of possibilities, feeling the exhilarating rush as relations rattle open like the furls of wings, the heartpump sense of potency and option and quandary and challenge and difficulty and adventure and arrival within a still place.

Without an "x," the walls close in and smother movement and breath.

Trapped. 

Spotted in sights. 

The Teacher's Question: "5 + 3 equals? David? Well?! You wern't listening, were you?"

("No, actually, I wasn't.")

Clearly, some young children (and many adults I know) would not be able to or interested in doing the work of opening up this mathematical field and exploring it, taking its paths, seeking its ways, its patterns, its semblances, its seasons, its quandaries and comforts and thrilling perfections. 

However, with the systematic early absence of "x" in mathematics education, there is no such field (the systematic early absence of "x" is thus akin to an ecological disaster, and the image of the Child-as-Constructor-Without-Limit is ecologically ruinous). Without an "x," mathematics loses its openness. It loses its truth. It becomes distorted into monstrous little "equivalence as operation" math-fact question lists in the early years. 

Deadly.

And our children become distorted into little manipulative monsters roaming the landscape without regard.

So, back in the car, I asked Eric to recall all those addition and subtraction questions that, in his earlier grades, were written "5 + 3 = __."

"It should have been '5 + 3 = x.' The 'x' should have never been left out."

A moment's silence. 

"Okay, so, algebra. Right. I get it. Why didn't they tell us this in the first place?"

Speculation: that the systematic and deliberate absence of "x" in early mathematics education turns the learning of mathematics into something more desperate than it needs to be. Perhaps worse yet, it turns mathematics itself into something that cannot fully make sense, that is distorted, misrepresented, flattened out, often lifeless, robbed of the truths of family resemblance and topography. It becomes "the solving of problems," and loses its character as an open world of relations. It becomes "unworldly"--nothing more than mental operations in the omnipotent, manipulative charge of a thinking subject whose competence is bewilderingly beyond me and, let me admit it, frightens me to no end in its confidence and blindness.

More than once, I have written the word "mathematics" on the chalk board in my Early Childhood Education teaching methods classes, and have turned around to tears, looks of panic, like deer caught in headlights, transfixed, unable to move or speak. 

Horror, if you will, at the spittlefear smell of something awful impending. 

Lifelessness: lethia. 

This is the lifelessness these students experienced in their own mathematics education and the lifelessness that they are now dreading to pass on to their own children, as part of their professional responsibility. 

So much of this because of an odd absence of "x."

"Sharon Friesen" <sfriesen@rockyview.ab.ca>

"David W. Jardine" <jardine@acs.ucalgary.ca>
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The posing and solution of research problems in Mathematics Education requires the integration and adaptation of  theoretical contributions made by different sciences and technologies interested in human cognition. In this paper, a theoretical model, intended to articulate the epistemological, anthropological, and psychological facets involved in teaching and learning mathematics, is presented. In this model we reconceptualize some basic constructs, such as mathematical object, meaning and understanding, as well as the study of their mutual relationships. Two interdependent dimensions (personal and institutional) are distinguished for these constructs, and a research agenda for Mathematics Education, based on the notions of 'semiometry' and 'ecology of meaning', is also outlined. This model is based on the ontosemantic theory of mathematics described in Godino and Batanero (1994; in print), which acknowledges a fundamental role to problem situations and to the actions of people and institutions for building mathematical knowledge.

Epistemological, psychological and anthropological assumptions about mathematical knowledge

A research agenda for Mathematics Education  must solve dilemmas deeply rooted in its reference disciplines, as well as identifying their complementarities, integrating and coordinating different trends and contributions. It must particularly bridge the gap between the  Frege's Platonism and the conventionalism of Wittgenstein, the individualism of Piaget and the collectivism of Vygotsky, between thought and mathematical language, between  subjective and objective knowledge. To sum up, it must try to coordinate the epistemological, psychological, and anthropological dimensions involved in the processes for creating and diffusing mathematical knowledge. 

An explicit theory about the nature and origin of mathematical objects, which makes socio-relativism strongly supported by the recent philosophical tendencies compatible with  the realistic experience so firmly rooted in the intuition of mathematicians, is called for to overcome the aforementioned dilemmas. Such a  theory would allow a model of mathematical understanding to be elaborated that could take into account  the institutional and sociocultural factors involved therein, in addition to psychological processes.

In this article, we present a synthesis of the first results from a project that tries to formulate a theory of mathematical objects and their meanings, from the perspective of Mathematics Education (Godino and Batanero, 1994; in print), and some new supports and developments therefrom.

Our theoretical model is based on the following epistemological, cognitive, and anthropological assumptions about mathematics:

i) Mathematics is a human activity involving the solution of problematic situations (external and internal), from which mathematical objects progressively emerge and evolve. According to constructivist theories, people's acts must be considered the genetic source of mathematical conceptualization.

ii) Mathematical problems and their solutions are shared  in specific institutions or collectives involved in studying such problems. Thus, mathematical objects are socially shared cultural entities.

iii) Mathematics is a symbolic language in which problem-situations and their solutions are expressed. The systems of mathematical symbols have a communicative function and an instrumental role.

iv) Mathematics is a logically organized conceptual system. Once a mathematical object has been accepted as a part of this system, it  can also be  considered as a textual reality and a component of the global structure. It can  be handled as a whole to create new mathematical objects, widening the range of mathematical tools and, at the same time,  introducing new restrictions in mathematical work and language.

These assumptions take into account some recent tendencies in the philosophy of mathematics (Tymoczko, 1986; Ernest, 1991) and Mathematics Education (Cobb, 1989; Chevallard, 1992; Steffe, 1993;  Ernest, 1994).

Synthesis of an ontosemantic theory for Mathematics Education

In this section, we shall present a synthesis of the notions introduced in our theoretical model; we refer the reader to our previous papers where a more detailed presentation is provided. In Godino and Batanero (1994) the notion of arithmetic mean is used to illustrate this theory and different backgrounds and connections with other authors are described. In Godino and Batanero (in print) the statistical concept of association is used as an example, and a proposed research  'problematique' is more widely described.

Our theoretical model starts out from the notion of problem-situation, which is taken a as primitive idea. For any given person, a problem-situation is any circumstance in which he/she must carry out mathematising activities (Freudenthal, 1991), that is,

- building or looking for possible solutions that are not immediately accessible;

- inventing an adequate symbolization to represent the situation and the solutions found and to communicate these solutions to other people;

- justifying (validating or arguing) the proposed solutions;

- generalizing the solution to other contexts, problem-situations and procedures.

A class of mutually related problem-situations, sharing similar solutions, processes, or representation will be referred to as a problem field.  This construct is closely related to those regarding semantic field (Boero, 1991), and  subjective experience domain (Bauersfeld, Krummheuer & Voigt, 1988).

The subject performs different types of practices, or actions  to solve a mathematical problem, to communicate the solution to other people or to validate or generalize that solution to other settings and problems. The subject's knowledge arises as a consequence of that subject's interaction with the field of problems, which is mediated by institutional contexts.

Two primary units of analysis to study the cognitive and didactic processes are the  meaningful practices, and the meaning of an object, for which we postulate two interdependent dimensions: personal and institutional. A practice is meaningful for a person (respectively, for an. institution) if it fulfils a function for solving the problem, or for communicating, validating, or extending its solution. Meaningful practices are considered as a situated expressive form and involve a problem-situation, an institutional context, a person, and some semiotic instrumental tools mediating the action.

This notion of practice is used to conceptualize mathematical objects, both in their  psychological and epistemological facets (personal and institutional objects). Mathematical objects -abstractions or empirical and operative generalizations (Dšrfler, 1991)- are considered as emergents from the systems of personal (institutional) practices made by a person (or within an institution) when involved with some problem-situations.

The system of meaningful prototype practices, i.e.,  the system of efficient practices to reach the goal aimed at is defined as the personal (institutional) meaning of the object. It is considered to be the genetic (epistemological) origin of personal objects (institutional objects). It is linked to the field of problems from which this object emerges at a given time and it is a compound entity. 

The  "meaning of a mathematical object" (concept, proposition, theory) could be compared to the "encyclopedia of uses" of the term or expression denoting that object, although  this "encyclopedia" is related here to a person or institution and uses are conceived as meaningful practices. The meaning of an object should be considered as a compound entity (Putnam, 1975; Bunge, 1985), in which  different kinds of elements may be distinguished:

- extensional elements (prototype situations in which the object is used);

- intensional elements (different characteristic properties and relationships with other entities);

- expressions and symbolic notations used to represent situations,  properties, and relationships.

The compound nature of meaning is opposed to the unity nature of the object, and it allows us to focus, from another  point of view, the design of teaching situations and the  assessment of subjects' knowledge.

To sum up, we postulate a relativity of the emergent objects, intrinsic to different groups of people and institutions involved in the field of problems, and also depending on the available expressive forms. This assumption could be useful to explain the adaptations (or transpositions) and mutual influences that mathematical objects undergo when transmitted between people and institutions.

Relationships and connections with other theoretical frameworks

We recognize that our ideas have been closely inspired  by the epistemological assumptions of Brousseau' Situations Theory  (1986), the pragmatic semantics by Wittgenstein (1953) and the anthropological approach to the Didactic by Chevallard (1992). We also share with  Cobb (1989; 1994), Bartolini(1991) and Bauersfeld (1992)  the pragmatic theoretical objectives of coordination of constructivist and sociocultural  perspectives in Mathematics Education.  Human activity and social interaction concepts, as well as the search for complementarities are the basis of our systemic approach to the Theory of Mathematics Education (Steiner, 1987). Furthermore, the notion of meaning (Bruner, 1990) and negotiation of meaning (Bauersfeld, Krummheuer and Voigt, 1988) -in the heart of the microculture generated in the mathematics class, and between this and the wider mathematical culture-   underlie the socioconstructivist, relativist and pragmatic ontosemantic on which we propose to base research into Mathematics Education.

Our theoretical model is explicitly based on the notion of object, with clear realistic connotations, which might apparently contradict the constructivist assumptions adopted.  However, we think that constructivism does not imply antirealism. The metaphor of the ontological object (Johnson, 1987) is an essential and unavoidable resource of thought, even for mathematics (Sfard, 1994), since mathematical entities are intuited as realities independent of mind, as they have most of the characteristics of  real or perceptible objects, except for been  immaterial. As Bereiter (1994; p. 22) asserts:  "They have origins, histories; they can be described and criticized, compared with others of their kind. They can be found to have properties that their creators or previous generations were unaware of".

The theoretical model postulates a kind of sociocultural realism, not an absolutist monism. The mathematical noosphere (Morin, 1991; Godino, 1993) is conceived to be constituted by a rich variety of worlds amongst which complex ecological relationships are established. The non-objectivist theory of knowledge  (Edwards & Nœ–ez, 1995) and those enactivist developed by authors such as Maturana and Varela (1987), Lakoff (1987), Johnson (1987) (embodied cognition, experientialism), etc., could be also coordinated with our ontosemantic model for mathematical knowledge.

Elements for a model of understanding in Mathematics Education

From the ontosemantical ideas summarized in the previous Section, we identify the following consequences that should be considered in order to elaborate a theory on understanding mathematics (Godino, 1996).

Institutional and personal dimension

According to our pragmatic and relativist conception of mathematics, a theory of mathematical understanding must recognize the dialectical duality between the personal and institutional facets of knowledge and its understanding, to be useful and effective to explain teaching and learning processes. 

The definition of understanding by Sierpinska (1994) as the 'mental experience of a subject by which he/she relates an object (sign) to another object (meaning)' emphasizes one of the senses in which the term 'understanding' is used, well adapted for studying the psychological processes involved. Nevertheless, in mathematics teaching the term 'understanding' is also used in the processes of assessing students' learning. School institutions expect subjects to appropriate some culturally fixed objects, and assign the teacher the task of helping students to establish the agreed relationships between terms, mathematics expressions, abstractions, and techniques. In this case, understanding is not merely a mental activity, but it is converted into a social process. As an example, we may consider that a pupil "understands" sufficiently, for example, the concept of function in secondary teaching and that he/she does not understand it, if the judgement is made by a university institution. Furthermore, from a subjective sense, understanding cannot merely be reduced to a mental experience but it involves the person's whole world (Johnson, 1987).

Systemic and dynamic nature of understanding

Since, in our theoretical model, we start out from the notions of object and meaning,  personal understanding of a concept is  "grasping or acquiring  the meaning of the object". Therefore, the construct 'meaning of an object' is not conceived as an absolute and unitary entity,  but rather as compound and relative to institutional settings. Therefore, the subject's understanding of a concept, at a given moment and under certain circumstances, will imply the appropriation of the different elements composing the corresponding institutional meanings. 

Furthermore, recognizing the systemic complexity of the object's meaning implies a dynamical, progressive, though nonlinear nature of the process of appropriation by the subject (Pirie & Kieren, 1994), due to the different domains of experience and institutional contexts in which he/she participates. We agree with Glasersfeld (1989) when he states: "The process of accommodating and tuning the meaning of words and linguistic expressions actually continues for each of us throughout our lives. No matter how long we have spoken a language, there will still be the occasions when we realize that, up to that point, we have been using a word in a way that now turns out to be idiosyncratic in some particular respect" (p. 133).

Human action and intentionality

Our theoretical model also includes, as the primary unit of analysis, the notion of meaningful prototype practice, defined as the action that the person carries out in his/her attempts for solving a class of problem-situations and for which he/she recognizes or attributes a purpose (an intentionality). Consequently,  understanding the object, in its integral or systemic sense, requires the subject,  not only the semiotic and relational components, but to identify a role -an intention (Maier, 1988)- in the problem solving process for the object.  

Assessment of understanding

We conceive the assessment of understanding as the study of the correspondence between personal and institutional meanings. The evaluation of a subject's understanding is relative to the institutional contexts in which the subject participates. An institution (educational or not) would say that a subject "understands" the meaning of an object  - or that he/she 'has grasped the meaning' of a concept,  if the subject is able to carry out the different prototype practices that make up the meaning of the institutional object. 

It is also necessary to recognize the unobservable construct character of  personal understanding. Consequently, an individual's personal understanding about a mathematical object may be deduced from the analysis of the practices carried out by the person in solving problematic tasks, which are characteristics of that object. Since, for each mathematical object, the population of such tasks is potentially unlimited, the analysis of the task variables and the selection of the items to design  evaluation instruments become of primary interest. The construct  'meaning of an object',  in its two dimensions, personal and institutional, might be a useful conceptual tool  to study the evaluation processes,  the achievement of the 'good understanding' (Sierpinska, 1994), and the institutional and evolutionary factors conditioning them.

Semiometry and ecology of meanings: A research agenda for Mathematics Education

The consideration of the meaning of mathematical objects as systems of practices and the discrimination between personal and institutional meaning introduces in the didactical 'problŽmatique' the study of the structure and  characterization of these theoretical entities.

i) A primary class of didactic research studies must be orientated towards the determination of institutional meanings, especially the meaning within mathematical institutions. We have to research into the characteristic uses of mathematical concepts, propositions and theories and to identify their different representations. This reference meaning may be compared with the meaning of mathematical objects in teaching institutions. We can also study the conditioning factors producing the development and changes of these meanings.

ii) The theoretical system we have described in this paper also allows us to focus, from a new perspective, the problem of assessing mathematical knowledge. According to our theory, a subject's cognitive system (his/her conceptual and procedural knowledge, his/her intuitions, representation schemas, ...), that is to say, the network of personal objects at a given time, is an organized and complex totality. The distinction we have stated between the domain of ideas or abstract objects (personal and institutional) and the domain of meanings, or system of practices from which such unobservable objects emerge, is used to clarify the problem of looking for the correspondence between both domains, i.e., the problem of assessing institutional and personal knowledge.

As a consequence of our theorization the observable nature of social practices allows us to determine the field of problems associated with a mathematical object, as well as its institutional meaning, with the help of a phenomenological and epistemological study. The analysis of the task variables for this field of problems provides a first criterion to structure the population of possible tasks. From this population, a representative sample could be drawn to guarantee content validity for the assessment instrument. These two elements: field of problems and task variables thereof shall provide the first reference points in the selection of relevant evaluation situations for assessing subjective knowledge.

Ecology of meanings

The problems involved in studying the evolution of institutional meanings of mathematical objects could be modelled with the help of the ecological metaphor (Godino 1993): A particular object performs a function in different types of institutions and it is needed to identify the necessary and/or sufficient conditions that allow this object to play its role in these institutions.

The notions of institutional object and meaning are intended to be used as conceptual instruments in this ecological and semiotical analysis of mathematical ideas.

The type i) and ii) studies described would constitute the institutional and personal 'statics of meanings' in this ecological metaphor. Its aim would be to find the 'state and control variables' of meaning, considered as a system, at a particular moment in time. These studies of the static aspects of meaning should be completed with dynamic studies, which we are going to describe below.

iii) The study of changes that the institutional meaning of a mathematical object undergoes to become knowledge to be taught in different teaching institutions (curricular design, mathematical textbooks, ...) would constitute the dynamics of institutional meanings (didactical transposition (Chevallard, 1985), ecology of meanings).

iv) Another fundamental problem in this category is the construction of adequate institutional meanings referring to a mathematical object for a specific school level, i.e., curricular design. According to the theorization proposed, teaching should be based on the presentation of a representative sample of problems and other elements of the meaning of mathematical objects, taking into consideration  the time and resources available.

v) The meaningful learning (relational or significative) of the subject can be modelled as a sequence of 'acts of understanding', or acts of overcoming obstacles (Sierpinska , 1994). The characterization of these acts and the identification of the mechanisms which produce the obstacles (Artigue, 1990) are central themes in the dynamics of personal meaning of mathematical objects. Metaphorically, the study of teaching and learning processes could be viewed as the study of the effects on personal meanings of 'shocks' of didactical sequences, which hold the elements of meanings.

In the same way, a part of the characterization of the dynamics of personal meaning would be the study of the evolution of students' conceptions, i.e., the transformation of personal meanings as a consequence of instruction.

Coordination of theories in Mathematics Education



The practical utility of a theoretical model, such as the one we have presented, cannot be shown by an example. On the contrary, it would be necessary to carry out a coordinated plan of research, in which we are still engaged. Nevertheless, we can bring forward some consequences of our model, which are of interest for the general orientation of the research into the Mathematics Education.

i) From this theoretical system it can be deduced that didactic research should preferentially pay attention to the study of the complex relationships between the institutional meaning of mathematical objects and personal meanings built by the subjects. Teaching and learning processes occur in the heart of several institutions, in which mathematical knowledge takes specific meanings, which condition those learning processes. Although mental processes also conditioning students' learning,  the centre of attention for didactic research should not be the students' minds, but the cultural and institutional contexts in which teaching takes place.

ii) The systemic nature of  the meaning of an object (concepts, propositions, theories) allows us to orient the sampling selection processes of teaching and assessment situation: The institutional meaning play the role of a reference universe for these sampling processes. Furthermore, the components that we have incorporated into the meaningful practices, and the suggested category of such practices, permit us to focus attention on the dialectic object-situation and institution-mediating tools when studying cognitive and didactic processes.

iii) The distinction between the personal and institutional dimensions, for both objects and the meanings, allows us to articulate the epistemological,  psychological, and anthropological facets in human cognition processes, and, therefore, in mathematics education processes. An important part of the didactic research 'problŽmatique'  may be formulated by means of two basic ideas: semiometry, i. e., the characterization of the personal and institutional meanings,  and ecology of meanings,  i.e., the study of the interrelationship between both meanings.

iv)The theoretical system intends to articulate different cognitive and epistemological approaches by building an ontosemantic link between them. Among these approaches, we can quote: social constructivism, activity theory, situated cognition, ethnomathematics, cognitive and didactic anthropology, theory of didactic situations, etc. However, the level of agreement and complement between these theories and our model will require further study in the future.

In short, the main utility of the ontosemantic theory outlined and the socio-epistemic relativism postulated, even for mathematical knowledge, is based on their potential for integrating different theories. Moreover, it provides a framework to formulate or to reorientate research questions in Mathematics Education.

Acknowledgement

This research has been supported by the DGICYT grant PS93-0196, (M.E.C., Madrid).

References

Artigue, M. (1990). EpistŽmologie et Didactique. Recherches en Didactique des MathŽmatiques 10 (2, 3), 241-286. 

Bartolini Bussi,  M. (1991). Social interaction and mathematical knowledge. In F. Furinghetti (Ed.), Proceedings of the 15th PME Conference, 1, 1-16 (Assisi).

Bauersfeld, H. (1992). Integrating theories for mathematics education. For the Learning of Mathematics 12 (2): 19-28

Bauersfeld, H., Krummheuer, G. & Voigt J. (1988). Interactional theory of learning and teaching mathematics and related microethnographical studies. In H. G. Steiner & A. Vermandel (Eds), Foundations and methodology of the discipline Mathematics Education (Didactics of Mathematics) (pp. 174-188). Proceeding of the 2nd TME Conference. University of Antwerp.

Bereiter, C. (1994). Constructivism, socioculturalism, and Popper's world 3. Educational Researcher, Vol. 23, No. 7, pp. 21-23.

Boero, P. (1991). The crucial role of semantic fields in the development of problem solving skills in the school environment. In J. P. Ponte, J. F. Matos, J. M. Matos & D. Fernandes (Eds.), Mathematical problem solving and new information technologies (pp. 77-91). Berlin: Springer.

Brousseau, G. (1986). Fondements et mŽthodes de la didactique des mathŽmatiques. Recherches en Didactique des MathŽmatiques, 7 (2), 33-115.

Bruner, J. (1990). Actos de significado. M‡s all‡ de la revoluci—n cognitiva. Madrid: Alianza Col. Psicolog’a Minor, 1991 [Acts of meaning. Harvard College].

Bunge, M. (1985). La investigaci—n cient’fica. Madrid: Ariel

Chevallard, Y. (1991). La transposition didactique -Du savoir savant au savoir enseignŽ. Grenoble: La PensŽe Sauvage.

Chevallard, Y. (1992). Concepts fondamentaux de la didactique: Perspectives apportŽes par une approche anthropologique. Recherches en Didactique des MathŽmatique, 12 (1), 73-112.

Cobb, P. (1989). Experiential, cognitive, and anthropological perspectives in mathematics education. For the Learning of Mathematics 9 (2), 32-42.

Cobb, P. (1994) Where is the mind? Constructivist and sociocultural perspectives on mathematical development. Educational Researcher, 23 (7), 13-20.

Dšrfler, W. (1991). Forms and means of generalization in mathematics. In A. J. Bishop et al. (eds.), Mathematical Knowledge: Its Growth Through Teaching (pp.63-85). Dordrecht: Kluwer, A. P.

Edwards, L. & Nœ–ez, R. (1995). Cognitive science and mathematics education: A non objectivist view. In L. Meira & D. Carraher (Eds),  Proceedings of the 19th PME Conference, 2, 240-247 (Recife, Brazil).

Ernest, P. (1991). The philosophy of mathematics education. London: The Falmer Press.

Ernest, P. (1994). Mathematics, education, and philosophy: An international perspective. London: The Falmer Press.

Freudenthal, H. (1991). Revisiting mathematics education. Dordrecht: Kluwer, A. P.

Glasersfeld, E. von (1989). Cognition, construction of knowledge, and teaching. Synthese, 80, 121-140.

Godino, J. D. (1993). La met‡fora ecol—gica en el estudio de la noosfera matem‡tica. Quadrante 2(2), 69-79.

Godino, J. D. (1996). Mathematical concepts, their meanings and understanding. In L. Puig & A. Gutierrez (Eds.), Proceedings of the 20th International Conference of PME, Vol. 2, pp. 417-424. Valencia.

Godino, J. D. & Batanero, C. (1994). Significado institucional y personal de los objetos matem‡ticos. Recherches en Didactique des MathŽmatiques, Vol. 14, no. 3: 325-355. [English translation published by Journal fŸr Mathematik didaktik, 1996, no. 2]

Godino, J. D. & Batanero, C. (1997). Clarifying the meaning of mathematical objects as a priority area of research in mathematics education. In: J. Kilpatrick & A. Sierpinska (Eds.), Mathematics Education as a Research Domain: A Search for Identity. Dordrecht: Kluwer A. P.

Johnson, M. (1987). The body in the mind. The bodily basis of meaning, imagination, and reason. Chicago: The University of Chicago Press.

Lakoff, G. (1987). Women, fire and dangerous things: What categories reveal about the mind. Chicago: University of Chicago Press.

Maier, H. (1988). Du concept de comprehension dans l'enseignement des mathematiques. In: C. Laborde (Ed.), Actes du Premier Colloque Franco-Allemand de Didactique et l'Informatique, (pp. 29-39). Grenoble: La PensŽe Sauvage.

Maturana, H. & Varela, F. (1987). The tree of knowledge: The biological roots of human understanding. Boston: New Science Library.

Morin, E. (1991). La mŽthode 4. Les idŽes; leur habitat, leur vie, leur moeurs, leur organization. Editions du Seuil. [El mŽtodo 4. Las ideas. Madrid: C‡tedra, 1992]

Pirie, S. E. B. & Kieren, T. E. (1994). Growth in mathematical understanding: How can we characterize it and how can we represent it?. Educational Studies in Mathematics, 26 (3), 165-190.

Putnam, H. (1975). El significado de "significado". En: L. M. ValdŽs (Ed.), La bœsqueda del significado. Madrid: Tecnos, 1991.

Sfard, A. (1994). Reification as the birth of metaphor. For the Learning of Mathematics 14 (1), 44-55.

Sierpinska, A. (1994). Understanding in mathematics. London: The Falmer Press.

Steffe, L. P. (Ed.) (1993). Epistemological foundations of mathematical experience. New York: Springer-Verlag.

Steiner, H. G. (1987). A system approach to mathematics education. Journal for Research in Mathematics Education, 18, 46-52.

Tymoczko, T. (ed.) (1986). New directions in the philosophy  of mathematics. Boston: Birkhauser. 

Wittgenstein, L. (1953). Philosophical investigations. Oxford: Basil Blackwell [1958].


�
FINDERS KEEPERS - SOME NOTES FROM WORK IN PROGRESS ON MATHEMATICAL OBJECTS

Dick Tahta

FINDERS KEEPERS .....

conjectures about different epistemological views of mathematics - preliminary notes

review forms of platonism:  Cantor  Òfaithful scribes ....Ó , Hermite, Hardy  ÒI believe that ....Ó, Gödel Òit seems to me ....Ó, Thom  Òindeed ....Ó

- contra:  Hamilton, Cayley ....,  Bridgeman Òthe merest truism....Ó,  Robinson ÒI cannot imagine ....Ó,  Rotman Ò in fact ....Ó,  Davis Òa difficult doctrineÓ, Ernest  Òit is inadequate....Ó

question: where does all this certainty come from?

Adam Phillips: The psychoanalytic question becomes not, Is that true? but what in your personal history disposes you to believe that?  .... always an interesting question to ask someone in a state of conviction, What kind of person would you be if you no longer believed that? 

Cf. notions of ÒrealityÓ of mental objects in William James .... Òin the distinctively religious sphere of experience, many persons posses the objects of their belief, not in the form of mere conceptions ... but rather in the form of quasi-sensible realities ... .... such is the human ontological imagination and such is the convincingness of what it brings to birthÓ.

(what is nice about W James is that he doesnÕt patronise people with other experience to his own.)

Where else would one find notions of internal and external reality being discussed?   

Certainly in the work of the object relations school of psychoanalysis.

Cf. Winnicott:  Òthe good enough mother meets the omnipotence of the infant and to some extent makes sense of it.  .... the infant begins to believe in external reality which appears and behaves as by magic .... Ò

Òcontact of the nipple with the babyÕs mouth gives the baby ideas! ......The baby had an idea and the breast with the nipple came and a contact was made ...Ó

Òthe baby creates the object, but the object was there waiting to be created and to become a cathected object.Ó�

ÒSome babies .... have the illusion of finding what was created .... babies with less fortunate experience are really bothered by the idea of there being no direct contact with external reality.Ó

Cf. BionÕs account of the genesis of thought.

Cf. notions of J Klein based on BalintÕs philobat/ocnophil  distinction.  She writes of discovery and invention in our love and hate of each other.  Discovery is sense as extrapolation - a philobatic (i.e. space-loving) affair. Inventing the object is seen as interpolation - an ocnophilic  (i.e. object-loving)  matter of filling a blank.

Experience of a realised phantasy makes me feel good and this is almost wholly an experience of ÒmeÓ. If my phantasy is not realised immediately but soon enough, then I have an experience of a nice not-me.  

Is the breast there when I want it?   

Sooner or later ....  

Or, for some unfortunates, never .....

Sfard in her FLM article quotes mathematicians:   one of them refers to certainty  Òthat things must be exactly the way they are. ....like ... an intimate familiarity with a person .... like a person whom you really know and understand.Ó

Both he and Sfard  refer yearningly to real - true - deep - immediate understanding   (cf. WalkerdineÕs snorts about that)

ÒReification is the birth of the metaphor of an ontological object.Ó 

At another level one might say: Mothering becomes mother.

i.e. there is more to say about reification/encapsulation, etc.   

There seems to be an either/or. 

But also possibly a Ògood enoughÓ reconciliation.

Cf. Piaget - who with Beth subtly avoided the crudities of some anti-platonists: 

ÒThe object discovered is thus enriched by the discovery ....Ó 

According to Dummett, the false dichotomy surreptitiously dominates our thinking about the philosophy of mathematics :

ÒWe do not make the objects but must accept them as we find themÓ.    

His Òobjects springing into being in response to our probingÓ sounds very like WinnicottÕs baby finding the breast. 

Bring into being....   Ah, those Greeks ....

Dick Tahta

d.tahta@open.ac.uk
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TEXTS AND THE OBJECTS OF MATHEMATICS

Paul Ernest

Extract from Chapter 6 of Social Constructivism as a Philosophy of Mathematics, Albany, New York: SUNY Press, 1997. (Footnotes and references in original omitted here.)

One 'mystery' or central problem that any philosophy of mathematics must account for is that of the existence and nature of the objects of mathematics, and indeed their objectivity itself. This might be rephrased as the question: how to obtain the benefits of Platonism without adopting its questionable ontology?

The social constructivist approach to this problem is that the objects of mathematics are among the social constructs of mathematical discourse. As Rotman (1993: 140) puts it: "one can say that mathematical objects are not so much 'discovered out there' as 'created in here', where 'here' means the cultural circulation, exchange, and interpretation of signs within an historically created and socially constrained discourse."

According to the social constructivist view the discourse of mathematics creates a cultural domain within which the objects of mathematics are constituted by mathematical signs in use. Mathematical signifiers and signifieds are mutually interacting and constituting, so the discourse of mathematics which seems to name objects outside of itself is in fact the agent of their creation, maintenance and elaboration, through its use. Furthermore, because of the historically constituted nature of the objects of mathematics and the discourses in which they subsist, mathematicians join and learn to participate in a pre-existing and already populated realms of discourse. By doing this they are appropriating and recreating their own corner of this world, as well as ultimately contributing to its maintenance. Elsewhere I describe some of the ways that language and linguistic practices contribute to this phenomenon psychologically (Ernest 1991). Here I discuss the relationship between the objects of mathematics and texts. 

In Chapter 2 I recounted Rotman's (1988) semiotic account of the success of Platonism as philosophy for the working mathematician. He argues that it views mathematics as a full sign system, comprising both signifiers and signifieds, and thus accommodates human signifying activity concerning shared, objective meanings, which is essential for mathematical practice. In this respect Platonism was judged superior to formalism and logicism which prioritize mathematical signifiers, or intuitionism, which prioritizes the signified. Thus Platonism, according to Rotman, treats mathematical knowledge as inseparably tied up with mathematical texts (and their objective meanings).  

Popper (1979) links objectivity and abstract objects with texts in one of his defences of World 3. He argues that even if all machines and tools disappeared from the world (World 1) and all knowledge of science and abstract concepts from individuals' minds (World 2), then persons (or even intelligent creatures from space) would be able to reconstruct our scientific knowledge from texts. Thus the contents of texts is objective knowledge, and according to Popper, there is a unique objective meaning associated with scientific texts, and independent of the physical world or subjective knowledge. Popper makes it clear that he thinks discussions of meaning are futile - preferring to discuss truth instead - but he does describe World 3 as including the contents of journals, books and libraries. For him such texts have unique contents and it is these that populate World 3. 

There is one particular strength of Popper's account (and Plato's) which needs to be acknowledged: its recognition of the strong autonomy of the objects of mathematics and of the population of World 3 in general. The social constructivist account has to explain how something so apparently flimsy as a shared fiction created by texts (in context) can become so solid, robust and autonomous as World 3 objects.  There are also number of powerful objections to Popper's view to be put, but before embarking on a further critique I wish to elaborate the consequences of his view further.

TEXTS AND THEIR MEANINGS

The traditional Platonistic or Popperian view is that objective knowledge, information, propositions, meanings and the objects of mathematics are independent entities existing in a some superhuman realm (World 3 or the realm of Plato's Forms). Furthermore these abstract objects may be referred to or signified in multiple ways. For example, '2', '1+1', '99-97', '4/2', '200%', and '1.999...' all signify the number two. Similarly, the different sentences 'Two is the only even prime number.' and 'The unique even prime number is two.' are normally understood to express the same proposition, i.e., to have identical senses and references. These are almost trivial illustrations of a virtually ubiquitous phenomenon of ambiguity. The way that such ambiguities are accommodated is to distinguish signifier from signified, and then to attribute a many-one relation between the signifying expressions (terms or sentences) and the signified 'entity', which is a mathematical object or proposition, respectively. 

Another traditional problem lies in distinguishing between '2', '2', '2' and '2', for example. Each of these is a numeral for two, but drawn differently, or as here, presented in a different typeface. This problem is dealt with by distinguishing signifier tokens - the physical inscription or utterance - and signifier types - the intended symbol (or the class of tokens standing for it). As before we have a many-one relation: many actual and possible inscribed tokens standing for or instantiating the intended signifier. 

In the two cases described, the signifier and signified is each regarded as an object. Furthermore, it is an abstract object, except in the case where the signifying relation is one of direct reference, and the signified referred to is a physical object, action or event. In Popperian terms, although signifier tokens are part of World 1 (the physical world), signifier types are in World 3 (the domain of objective knowledge). Likewise, except when signifieds are physical objects, actions and events (World 1) or mental states (World 2), they are abstract objects (World 3). Thus, since in all but trivial mathematics signifier types and signifieds are abstractions, they are both inhabitants of World 3 and part of objective knowledge. An outcome of this view is that World 3 objects are prioritized - certainly in mathematics - and that Platonism or mathematical realism is virtually inescapable.

Discussing mathematical signifiers or texts, on the one hand, and the mathematical objects, contents or knowledge signified by them, on the other hand, raises the issue of the synonymy (and non-synonymy) of texts or signifiers, and the identity and diversity of the abstractions signified, respectively. A Platonistic account of such relations prioritizes the realm of the abstract. Consequently, mathematical signifiers are synonymous if they refer to the same mathematical object, i.e., have the same signifieds. Mathematical inscriptions can be regarded as identical if they represent the same signifier type. There is nothing wrong with these definitions except that the establishment of identity, synonymy or equivalence is based on recourse to abstract and intangible World 3 objects. An unsolved problem for metaphysics (insoluble in my view) is how the identity and diversity of abstract objects might be ascertained without recourse to signifiers or discourse. For those, such as myself, Bloor (1984), Rotman (1993) and the many others wishing to question or unwilling to accept the ontological assumptions of Platonism, and the epistemological problems it brings, this is deeply problematic. 

Platonism and Popper's World 3 are perspectives that arise out of ontological considerations, but they have profound consequences for epistemology. Following Frege's introduction of predicate logic and its semantics, the reference of a mathematical term is its value, which for a numerical term is its numerical value, and the reference of a sentence is its truth value. But to know the truth value of a sentence is to have information about its epistemological status. For example, to know that the sentence ‘x3-3x2+3x-1 = 0 ( x=1’  is true, is to know that 1 is the solution to the cubic equation. Likewise, to know the numerical value of a complicated term or functional expression is to know the outcome of a calculation. Thus knowing what some mathematical expressions signify is to have substantial mathematical knowledge. Furthermore the implicit realism in prioritizing the abstract signifieds of mathematics suggests that answers and truth-states pre-exist their human discovery. According to this perspective, the values exist, and it is only human wit that lags behind in discerning what these values of terms and sentences are. Thus in this account the identity of terms arises from their sharing the same value, and the equivalence of sentences arises from their sharing the same truth values. 


SOCIAL CONSTRUCTIVISM, TEXTS, MEANINGS AND OBJECTIVITY

Social constructivism rejects the priority and prior existence of abstractions and thus overturns these notions of identity and equivalence. If embodied physical existence is taken as the bedrock of ontology, it is tokens which are the empirically real signifiers. Signifier types are cultural artifacts - the sign intended, and to a greater or lesser extent understood - when signifier tokens are perceived. But this notion of the intended signifier or sign underlying each inscription or utterance is something that arises from human agreement in language games and forms of life. That is, from a social constructivist perspective, it is a secondary and derived phenomenon (albeit more important). Likewise, signifiers have ontological priority over the signified - especially in mathematics, for the signifiers can be inscribed and produced, or at least instantiated, whereas the signified can only be indicated indirectly, always mediated through signifiers. The questions, 'When do two signifier tokens represent the same signifier type?', and 'When do two signifiers indicate the same signified?' must be answered differently from this perspective. The social constructivist answer is that the accepted practices of mathematical language games are what determine the answers. The identity and equivalence of linguistic forms and expressions that are admitted vary according to time, community and context, and are not given once for all. Indeed the history of mathematics can be seen partly in terms of the growth and elaboration of relations of equivalence of linguistic expressions, as a brief excursion into this history illustrates. 

In 5000 years of written mathematics, a number of areas of mathematics have grown immensely. There has been, first of all, the great profusion of domains of mathematical knowledge, which can be described as mathematical theories, language games and contexts. According to Høyrup (1994), mathematics first emerged as a discipline through the unification of the three protomathematical practices of primitive accounting, practical geometry and measurement. This took place late in the 4th millennium BCE in Mesopotamia through the common application of numeration and arithmetic to these applications in scribal training. By the late twentieth century the number of distinct modern mathematical subspecialisms was estimated at 3400 (Davis and Hersh 1980), indicating the explosive growth of the discipline.  

Second, within each of these specialisms, and shared across many of them, is the large and still-growing range of mathematical symbols, diagrams, inscriptions and notations. Beginning with simple symbols serving as numerals, mathematical notation has grown over history into a very elaborate set of special and dedicated symbols, icons and figures. Indeed, so important is this development in supporting mathematical calculation, reasoning and conceptualisation, that the history of mathematics might be viewed as the history of the development of mathematical symbolism. 

Third, an intrinsic part of each mathematical language game is a set of rule-based symbolic transformations which are regarded as preserving some features of mathematical expressions or texts as invariant. These include identity transformations of terms and equivalence transformations of sentences and formulas. Many of these transformations are built into the uses of symbols irrespective of context, and are thus shared across many mathematical language games. Thus identity (used in expressing the identical transformations of terms) is an equivalence relation with the properties of reflexivity, symmetry, transitivity and substitutivity, which is probably used in all mathematical language games.  

Platonism and mathematical realism suggest a reading of the history of mathematics in which increasingly refined sets of mathematical signifiers have evolved to describe the universe of mathematics. The social constructivist account reverses this prioritization and argues that the development of the increasingly elaborate systems of mathematical symbolism have helped bring into being and scaffold the imaginary universes of mathematics ideas. 

INVARIANCE AND EQUIVALENCE IN MATHEMATICS

Structural invariance is widely established as a central feature in both the content and the development of modern mathematics (Weyl 1947). Thus continuous functions, homeomorphisms, homomorphisms, isomorphisms, isotopies, and other structure preserving maps, functions and functors; their properties and the relations between their domains and codomains, are pivotal in the mathematics of the past 200 years. Likewise, in the elaboration, extension or abstraction of theories in the historical development of mathematics, certain designated central relations and structures are preserved faithfully, and the extent of this preservation is often the deciding factor in community acceptance (Corfield 1995).

Above I discussed the following problems of identity (and the traditional solutions). On what basis are different signifiers of mathematics regarded as identical? Under what conditions are distinct signifiers regarded as having the same signified. The social constructivist answer is that the conditions for identity depend on traditions and rules for the identification of signifiers located in language games and situated in mathematical forms of life. In particular, in mathematics there are usually explicitly permitted sequential transformations of symbols which convert a signifier into an equivalent one. Thus terms are converted into equal terms, equations are converted into equivalent equations, and more generally, sentences and formulas are transformed into equivalent sentences and formulas. This raises the question: What is the basis for the permitted transformations? The answer is normally that they are transformations that preserve the signifieds, or at least some central feature or property of signifieds such as truth value.  Thus permitted transformations of numerical expressions and terms are those that keep the numerical values of expressions and terms invariant. Permitted transformations of sentences and formulas are those which preserve truth values. Typically, such transformations are introduced and defined constructively, with a certain number of basic transformations admitted (as demonstrable preservers of value signified), and compound transformations defined inductively as finite combinations of the basic ones. However, in the limit, classical mathematics is not inhibited from introducing infinite sequences of operations provided there is a guarantee that some underlying invariant is preserved. Thus equivalence transformations of mathematical expressions are admitted stepwise because it can be shown that they preserve a central feature of the fictional objects which are accepted as the underlying signifieds.     

One area of especial importance for mathematics which exploits these issues is that of (explicit) definition. This is a stipulation of identity (of terms) or of equivalence (of sentences and formulas) in which the definiendum is substitutable for the definiens salve veritate (i.e., truth value preserving). In fact, because a definition is a stipulated synonymy, meaning as well as truth are preserved in such substitutions.

TEXTS AND OBJECTS

There is a series of developments in modern philosophy of direct bearing on the issues of mathematical texts and the objects they signify. The position of Quine (1970) on the meanings of texts is well known. He argues, first of all, against the idea that the meaning or sense of a sentence is a proposition. His argument is that propositions cannot be individuated satisfactorily, and therefore it makes no sense to claim they exist. His second and earlier claim is the more general argument that synonymy is indefinable (Quine 1951). In justifying this he first shows that the boundaries of the concept (relation) are ill-defined and cannot be rendered precise. He also shows that substituting synonyms for each other need not in all cases preserve truth values, which is a sine qua non of synonymity. Third, he argues for meaning-holism, i.e., the view that the meaning of a linguistic expression cannot be divorced from its linguistic context or the background theory. 

Although Quine's position is quite distinct from that of Wittgenstein, his holism supports the latter's view that the meanings of textual objects cannot in general be individuated, as Platonism seems to require. Wittgenstein's holist conception of meaning as use in specific contexts is a central underpinning conception of social constructivism.

It is worth mentioning that there is a whole modern tradition stemming from modern continental philosophy including post-modernism (Derrida, Lyotard, Norris), post-structuralism (Foucault, Lacan, Dreyfus) and Hermeneutics (Gadamer, Ricoeur, Palmer) which has deeply influenced modern literary criticism (Eagleton, Fish) concerning the thesis that texts do not have unique signifieds. However much the meaning of an expression appears transparent, literal or unique, in adopting a favored or apparently correct interpretation "a thousand possibilities will always remain open" (Derrida 1977: 201). 

In writing, the text is set free from the writer. It is released to the public who find meaning in it as they read it. These readings are the product of circumstance. The same holds true even for philosophy. There can be no way of fixing readings... (Derrida in Anderson et al. 1986: 124)

Derrida of course takes up an extreme position on the indeterminacy of textual meaning, namely that meaning is infinitely open. However a broad consensus exists within this tradition and beyond, including the rhetoric of the sciences and the social studies of science movements, that it is a mistake to assume the existence of a unique meaning or 'correct' interpretation of a text. 

Support for this thesis can also be found within mathematics from the generalized Lowenheim-Skolem theorem (Bell and Machover 1977). For this theorem states that any set of sentences expressed in a first-order language which has an infinite model, also has models of every infinite cardinality. This means that first-order axiomatizations of Peano arithmetic admit uncountable models of the natural numbers, for every infinite cardinality. Another consequence is that first-order axiomatizations of the field of real numbers and of set theory admit denumerable models (although they would appear uncountable from within the theory itself, Schoenfeld 1967). These are well known and explicable but nevertheless counterintuitive results indicating that even the most precise theories of mathematics cannot uniquely determine their meanings or domains of interpretation (Tiles 1991).

The conclusion to be drawn is that the signifiers of mathematics do not correspond to unique signifieds. The relation is one-many, not a mapping, let alone a one-to-one correspondence. Mathematical language is not therefore a map, model or 'mirror' of a Platonic or World 3 reality (Rorty 1979). The case I want to argue is that signifieds are individuated instead by the admission of a class of textual transformations accepted as preserving the signified. The signifieds themselves of mathematics are unreachable, except through other signifiers. Ultimately, the accepted notion that there is something autonomous and real behind the signifiers is the result of the reification of abstract objects which are part of mathematical culture. 

In Ernest (1991) I argued that the objects of mathematics are reifications in three senses: philosophical, sociological and psychological. I shall discuss the thesis that the objects of mathematics are psychological reifications in the next chapter, when I treat subjective knowledge in mathematics.

Sociologically, there is a tradition epitomized by Marx, in which concepts are understood as reifications which become cultural objects and things in themselves.  "..the productions of the human brain appear as independent beings endowed with life, and entering into a relation both with one another and with the human race." (Marx 1867: 72)  He argues that the form of products becomes reified and fetishized into an abstract thing: money, value or commodity (Lefebvre 1972). This argument has been extended to show how mathematical objects and knowledge are abstract reifications of more concrete conceptions and operations, and the transitions to the more abstract and autonomous objects of mathematics can be identified historically (Hadden 1994, Restivo 1985, 1992).

In philosophy there are a number of traditions that are relevant. First of all, there is a tradition going back to ancient philosophy concerning problem of universals. Aristotle's view is that the objects of mathematics do not exist apart from their instances. Similarly, the nominalism of the Schoolmen, especially William of Ockham, suggests that concrete individuals are what is first known, and the abstract concept corresponding to a class of individuals is a name whose meaning is identical with its extension, i.e., the individuals it represents. Universals or abstract concepts are derived from the individuals they represent and may thus be seen as reifications. It is impossible to do justice to the problem of universals in the history of philosophy in a paragraph. However, these indications suffice to show that there is a long tradition of rejecting realism in mathematics and which instead views abstract concepts as based on the particulars to which they apply.

Another tradition is that of intuitionism, which regards the objects and sentences of mathematics as representing constructions, i.e., the construction of an individual or the claim that a proof of a sentence can be constructed, coupled with guidance on how they should be implemented (Troelstra and van Dalen 1988). An alternative reading is that objects and sentences represent promises by the utterer that such constructions have been or will be made (Heyting 1956). Thus according to this perspective, mathematical objects are constructions. Going beyond this position Machover (1983) and Davis (1974) argue that the objects of mathematics are reifications: reified constructions, as the former puts it. This explanation is intended not only to account for the genesis of mathematical concepts, but also to account for the nature of mathematical objects, and the truth conditions associated with their properties, i.e., as an ontological and epistemological account.

Rotman's (1993) semiotic theory of mathematics also interprets mathematical inscriptions as recipes, instructions, or claims about the outcomes of procedures. This is based on Peirce's ideas and those of modern semiotics as well as arising from a linguistic analysis of mathematical texts.


THE AUTONOMY OF THE OBJECTS OF MATHEMATICS 

Moving from a realist to a social constructivist account of the objects of mathematics brings with it certain problems. For all their weaknesses, Platonism and realism in mathematics offer an account of an autonomous realm of mathematical objects. Objects found there (projected there by the imagination, according to social constructivism) have apparent - but nonetheless convincing - stability, 'solidity', autonomy. 

The claim that I am making in this section is that the objects of mathematics, as well as the theorems and other expressions of mathematical knowledge, are cultural constructions. In terms of their genesis these represent the reification of more primitive operations, but they are no less convincing for that. Like many other cultural artifacts such as moral rules and taboos, money and the value attached to objects and work, Shakespeare's plays, Beethoven's symphonies, the gods and saints of organized religions, Bugatti cars, they appear to have an essential 'inner nature' which is inevitable, necessary and transcends the contingent. Furthermore, each in this more or less arbitrary list of cultural objects is woven into multiple layers of networks of social usage, expectation and necessity which provides stability and 'solidity' buttressing their autonomy. Such ramifications and bonds are even stronger in the case of the objects of mathematics, being those of logical necessity, and where shifts in the material basis of the objects can be perceived as irrelevant. 

Overall, the claim is that the ontology of mathematics is given by the discursive realm of mathematics, which is populated by cultural objects, which have real existence in that domain, just as money does in the domain of human economic affairs. In an influential remark (Wright 1980, Shanker 1987), Kreisel (1965) has claimed that the key issue is not so much the existence of mathematical objects so much as the objectivity of mathematical knowledge that is at stake. This objectivity is clear (under the reinterpretation of objectivity as cultural and social à la Bloor 1983 and Harding 1986). My claim is that mathematical discourse as a living cultural entity, creates the ontology of mathematics. 

Within the philosophy of mathematics and philosophical logic there is also a widespread if technically formulated view that discourses entail, and perhaps even create, the universes of objects they refer to. In particular, a mathematical theory or discourse brings with it a commitment to the objective existence of a set of entities. Quine (1948) identifies bound individual variables within an informal or formal mathematical theory as giving the clearest indications of its ontological commitments. 

Model theory is the branch of mathematics (or mathematical logic) concerning the interpretation of formal mathematical theories within the domain of mathematics itself. It is glossed in terms of mathematical realism and the correspondence theory of truth by Tarski (1936) and others. However, from a social constructivist perspective, the provision of formal interpretations of mathematics within itself serves to illustrate the mutual constitution of signifier and signified in mathematics, and how mathematical discourse, if not actually self-referential, constitutes a closed system. This account finds support from some technical developments within mathematics itself. For example, Henkin (1949, 1950) derived completeness proofs for the first-order predicate calculus and the theory of types in which he constructs models of the language in terms of the objects of the language themselves. Thus he makes the objects of the language serve a dual role, as both linguistic entities (signifiers), and as the objects (self-) signified. In this case, the signifiers not only create the signified, but they are one and the same, but viewed from different perspectives.


�
A CASE STUDY OF MATHEMATICAL SEMIOSIS

Carl Winsløw

A characteristic feature of mathematical texts is the extensive use of symbols, which differ both visually and syntactically from the 'verbal' part of the text; unless there is a very specific relationship between the mathematical knowledge of the author and the reader of the text, the text (in particular the symbols) will remain 'closed' to the reader. In semiotic language, the symbols will remain uninterpreted signifiers, and the whole text will, at best, convey the impression of containing an impenetrable discourse. This situation will occur for almost any combination of reader and text, as even experts of mathematics are able to decode only a very small fraction of the mathematical text available (say, in their departmental library).

In (Winsløw, 1997) I have tried to sketch a general framework for the analysis of mathematical discourse, based on a transformational theory interrelating the surface and deep structures of the text under investigation. This is in a sense a 'top-down' approach in that it presupposes a certain level of consensus regarding the interpretation of signs, at least between speakers and analyst. To the non-mathematician, such an assumption may sound like a somewhat risky or even naive basis for analysis; for a mathematician, I believe this is not so. Indeed, most of mathematical discourse would be impossible without this basic assumption of common reference, while, of course, many difficulties arise in such discourse from its occasional failure.

The purpose of this note is to describe a concrete example of a semiotic structure within advanced mathematics, and to extract from this description some conjectures about the particularity of semiosis in a mathematical context. 

My concrete example is the paper, written in collaboration with Uffe Haagerup (Odense University, Denmark), entitled The Effros-Maréchal topology in the space of von Neumann algebras (Haagerup; Winsløw, 1997). I will try to unpack the basic semiotic landscape in which the discourse of this paper takes place; to describe, in 'backwards' direction, the genesis of its signs though a finite number of semiotic transformations.

The title of the paper is, from a syntactic point of view, of the form NounPhrase1 Preposition NounPhrase2, where by NounPhrase2 I understand the entire string 'the space of von Neumann algebras'. The determinate form of both noun phrases may convey the impression that both refer to mathematical entities which are supposed to be known to the reader; but this is not the case. Instead, the paper is about defining and studying a referent of NounPhrase1, in the mathematical context referred to by NounPhrase2 (which, indeed, is assumed to be familiar to the reader).1 Since I do not intend to provide a detailed discussion of the actual content of the paper, I shall concentrate on the 'de-semiosis' of NounPhrase2.

One way to approach the problem, which indeed seems necessary although not sufficient for a 'de-semiosis', is the chain of formal reductions (by definition in terms of 'simpler' concepts) explaining the setting in terms of more general mathematical knowledge. Here we reduce NounPhrase2 to structure of functions between natural and complex numbers, leaving undefined a few technical terms (marked *) which do not matter for our further analysis here. 'The space of von Neumann algebras' should be understood as 'the set of all von Neumann algebras'. But what is a von Neumann algebra?2 

A von Neumann algebra is a set of operators on Hilbert space, which satisfies *certain conditions. By Hilbert space I mean here the set of square summable functions from the set of natural numbers to the set of complex numbers. A function from natural to complex numbers is 'square summable' if the sum of the square of the moduli of the values of the functions is finite; the square root of this sum is called the norm of the function. A bounded operator on Hilbert space is a *map from Hilbert space into itself which preserves the *linear structure of Hilbert space. 

In short, we may now re-express NounPhrase2 as: 'the set of all collections (with a certain property) of functions (with a certain property) from the collection of all functions from natural to complex numbers (with a certain property) into itself.' Besides the three instances of '(with a certain property)', only some basic set-theoretical notions, and complex and natural numbers, are left undefined. Notice here that we use the words 'set' and 'collections' as synonyms, but both are used to create variation!

The point of the above is that we see some pattern in the abstract reduction on the reference of NounPhrase2. If we use the following short hand notation: 

	COL(...) : All collections of ... 

	COL*(...) : All collections of ... with a certain property 

	F*(A,B) : functions from A to B, with a certain property 

	N: the set of natural numbers 

	C: the set of complex numbers 

then it could be written 

	COL* ( F*( F*(N,C) ), F*(N,C)) ) ) ). 

The whole title then says that we are studying a topology on this set. To define a topology on a set amounts to specifying, in some way, a certain set of subsets of the set (satisfying the axioms of a topology). So, the paper is really about a set of subsets of the set indicated by the symbol string above. So, the paper is about an element of 

	COL*(COL ( COL* ( F*( F*(N,C) ), F*(N,C)) ) ) ) )). 

At the deepest level of this expression, we find the symbols N and C, being themselves signifiers for 'collection' type entities of numbers. 

None of this symbolism appears in the paper, of course; while the expression above indicated (parts of) the semiosis underlying it, it is clearly inconvenient to use repeatedly (as in communication). Thus, instead of F*(N,C) the symbol H is used, while the whole thing is referred to verbally (by NounPhrase1). In general, signifiers are chosen as follows: 

lower case Greek letters: elements of H (Hilbert space) 

lower case Roman letters: operators on H 

upper case Roman letters: von Neumann algebras 

script letters: collections of von Neumann algebras (i.e., subsets of vn(H): set of all von Neumann algebras) 

These roles of notational inventory are, as far as the first three are concerned, standard in the area. The list reflects the ascending 'magnitude' of the mathematical signifieds by the increasing symbolic 'power' (for instance, upper case letters dominate lower case ones). Furthermore, each of the symbols have an 'upward' and a 'downward' connector of signification. For instance, a lower case Greek letter signifies on the one hand a, possibly complicated, complex function (in this case on the set of natural numbers) in which arguments (in this case, numbers) could be fed to produce a result, and which may interact with other functions of the same kind3; on the other hand, it represents a potential 'in-put' for operators on the Hilbert space, something for them to 'act' on. In this way, the mathematical sign interlocks in the two vertical directions as well as in a horizontal direction (with signs at the same level).

There are two points regarding mathematical semiosis which I would like to make from the preceding example:

1. Mathematical signs have, as signifieds, transformations of signifiers of other (groups of) mathematical signs. 

2. The typology of these transformations may quite limited, and may be roughly divided in 'fusion' type (such as 'taking collections  of', 'taking functions between...') and separation types (such as  'take subset according to some restriction').  

Ultimately, a mathematical sign is therefore not to be understood merely as a simple pair of signifier and signified. It is to be understood as an ascending sequence of 'elementary signs' as illustrated below: 



						 SIGNIFIER 

					        |---SIGNIFIED 

				     SIGNIFIER 	 

				|---SIGNIFIED 

		         SIGNIFIER 

                           |---SIGNIFIED 

             SIGNIFIER 

        |---SIGNIFIED 

 ......



The question, how long is that sequence --- could it be infinite --- may challenge the philosophical mind. However, all that is visible in mathematical discourse are 'tails' of such sequences --- as illustrated in the example above. 

Notes.

1. An alternative title, which could have suggested this more clearly, would be A topology in the space of von Neumann algebras, 

but as the new concept described in the paper is deeply inspired by works of the two mathematicians Odile Maréchal and Edward Effros, we wanted to indicate this in the title, and it would be hard to combine an indeterminate form of NounPhrase1 with the mentioned proper names without making the title even more complicated and hard to read. In other words, the title is formed by the desire to express a combination of several meanings (represented by Effros, Maréchal, topology, the space of von Neumann algebras) in a reasonably short title.

2. And of course: what has it to do with John von Neumann? The interested reader could consult the preface of (Takesaki, 1979) for an appetizer.

3. For instance, via the 'inner product', taking a pair of functions to the sum of the twisted product of their values, where a twisted product of two complex numbers is the product of the first number and the complex conjugate of the second. The inner product structure is essential for the geometry of Hilbert space, as it defines what it means for two elements of it to be orthogonal.
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�
DO NUMERALS NAME NUMBERS? 

Berislav Zarnic

Berislav Zarnic <berislav@pmfst.hr>

The project of discovering ultimate foundation for mathematical knowledge is almost completely abandoned. Instead, a pluralistic view prevails which distinguishes various foundation relations. Logical, semantical, cognitive, epistemological, ontological and methodological foundation relations allow for different ordering: philosophy of mathematics amounts to one of possible orderings. The aim of this paper is to show that treating numerals as singular terms is a semantical mistake which leads to ontologization of numbers. 

The Fregean tradition is connected with "syntactic priority thesis": if an expression has the logical role of singular term in a true sentence then it refers to an object. It seems that numerical expressions do function as singular terms especially when flanking identity sign so the numbers must be objects. The objects numerals refer to have a rather curious nature since a) there is a disagreement what numerals name: "classes of all equinumerous classes" (Quine) or "properties of properties which belong to the same number of objects" (Carnap) or ... b) the same name names different objects - in hierarchy of universes (type theory) U0, U1 ,U2 ,... the same numeral refers to different objects i.e. different numbers (four as number of Beatles belongs to class from U2 , four as number of cardinal virtues to class from U3 ). Therefore, either some singular terms do not refer, or numerals are not names. The neo-Fregean move is to treat singular termhood as relative notion: whether some expression is singular term or not depends on particular theory or discourse domain. Favourite metaphors are those where objects are individuated by their functional role. In explaining the rules of chess game or constitutional government structure we use expressions such as "knight" or "member of parliament" as singular terms. In a different context those same expressions can assume predicate role: "That image on the screen is a knight" or "He was a member of parliament". We should not stretch the metaphor too far: there is property inheritance when an object assumes the role of chess knight, but nothing except ad hoc created abstract entities can take the role of number. It is no oddity that Quine's de dicto reading gets false proposition, while de re reading comes out true for sentence "The number of planets is necessarily odd" after substitution, for there is no such identity as "number of planets=9". 

 Neo-Fregean position comes close to structuralist view: numbers are structurally defined, deprived of all properties except those belonging to them as points in structure, therefore numbers are not objects. Category theory exhibits the possibility of conceiving mathematics as investigation of morphisms and not of objects. By conversion of "syntactic priority thesis" we may concede that numerals are not singular terms since numbers are not objects. 

 The logical role of numbers is connected to quantifiers and predicates, rather than names. If the discourse domain is defined the numbers can function as quantifiers: when we assert that n objects from domain of m objects satisfy condition C then we affirm disjunction where each disjunct is a conjunction with exactly n affirmative and m-n negative statements in a way that exploits all such combinations of singular statements. In the case when the domain is not fixed understanding of quantified statement, whether numerically refined or not, presupposes knowledge of descriptions under which possible objects may appear or gives a clue how these descriptions may be obtained. The latter is the case with infinity schemata. Consider schema (1) "(x(y(z(Fxy. -Fxx. Fyz (Fxz)" which requires an infinite universe of objects: if F(a1,a2) then (y(F(a2 ,y)), but that (y) may not be a1 because by transitivity we would arrive at forbidden reflexivity statement F(a1,a1), so there must be a3 for which the same conditions hold, so there must be a4 , and so on in infinitum. We must know how to construct an infinite array of ancestors in order to understand sentence "Everybody has ancestors". On the other hand, the number of possible models is infinite as well. Therefore, the key element in understanding the statement of such a kind does not lie only in construction of possible patterns, but also in eliminating some of them. We exclude some patterns when we obtain additional information (such as: everybody has exactly two immediate ancestors, different persons can have the same ancestors ...). Still combinatorial explosion remains and one may wonder whether Darwinism comes as remedy for infinity brought in by biogenesis principle. These cognitive procedures involved in finite and infinite schemata are different from measurement of class/set size and measurement of property intensity. 

 The other important use of numerals, besides quantifying, lies in creation of measurement space as a predicate part. Measurement of class/set size by natural numbers or measurement of property intensity by real numbers does not gain identity or relational statements. While asserting measurement statements (like these: "size-of-class(planets,9)" or "weight-in-kg(that book, 0.3)") we are not asserting the existence of relation of mentioned objects towards numbers. In these cases the role of numerical expressions is creating predicate multitude. More appropriate approach is to treat measurement predicates as those which assign nomic relations to domain of measured objects. Measurement can be conceived as homomorphic mapping from empirical structure of measured objects and their relations to measuring numerical structure. This mapping is not an isomorphism since some relations may have no counterpart. For instance, the natural number property of having exactly one successor receives no interpretation for empirical sets of objects, except in the relational sense of possibility to define an asymmetric transitive relation on measured structure. 

 The logical role and corresponding cognitive procedure involved in measurement differ from those exhibited in (numerical) quantifying: the former presupposes use of number structure, while the latter explores either possible states or possible structures. Piagetian analysis convincingly points to specific nature of cognitive procedure of number construction. There is something like generalization, because an abstraction is required, but still it's not a kind of generalization because all the properties are taken away - so that no objects remain. Nevertheless, objects remain thanks to complementary operation which by introducing transitive asymmetric relation permits individuation by position. It is probably true that elementary ways of dealing with objects are equivalence and differential arrangements, but since there are many ways of differential ordering the same explanation given to psychogenesis of understanding of natural number structure can be given for understanding of kinship structure. Numerals as quantifiers have different, combinatorial role and there is no a priori reason why we should say that cognitive complexity involved in understanding quantified sentences surpasses complexity of counting. 

 It seems that investigation of semantical issues in philosophy of mathematics strongly suggests a version of "cognitive semantics". The use of numerical expressions is in some cases best understood as relation between the language, on one side, and merging cognitive structures, on the other side. Perceptual qualities of colour are mapped into two-dimensional structure in which one axis defines brightness/darkness ordering, while other defines complementarity, weight is represented one-dimensionally , kinship is mapped on complex tree-like structure. The sorites pseudo-paradox shows that we have no reason to suppose that measured system should exploit all properties of measuring structure or that the latter must be unique. The analysis has tried to show that in "talking with numerals" we use numerals as quantifiers or as predicate parts, and not as names. On the other hand, "talking about numbers" is a kind of higher-order language in which we don't quantify over objects, but over functions in order to characterise structures. 
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Introduction

The purpose of this paper is to introduce a perspective on interviewing, and an analytic framework for working with interview transcripts.  This framework is developing in relation to a number of forms of data collected from a preservice mathematics teacher education course, and from beginning teachers; interview transcripts, student journals, observations of lectures and classroom teaching, and student projects.  It is illustrated here with reference to two interviews with the same respondent over a period of twelve months.  In the first interview, the respondent, as a student on the preservice course, discusses his school career positively, both in terms of his own progress and the quality of his teachers.  In the second interview a year later, as a beginning teacher, he describes this school career in negative terms, suggesting that for the most part, he either had no mathematics teachers, or such that there were, were poor.

While the discussion turns in part on this particular variation of account, and does so for illustrative purposes, the analytical framework is intended to address a broader problematic.  Consider just two of the forms of data indexed above, namely student journals and interview transcripts.  Both of these involve accounts of self and of settings, of classrooms, staffrooms, lecture halls, and moments of private reflection.   What is the status of these accounts?  Clearly, they do not straightforwardly provide windows on different worlds, be they inner or outer ones.  Rather, they are constituted through representations of these worlds through selective description and redescription.  Or, putting it differently, the authors of both forms of account recruit selectively from different settings to establish their own positions.

Through the framework which is mapped out here I wish to account not only for variation, but also mark out the regularities in this selective representation.  Making explicit the principles of description carries a double imperative; both in relation to the demands of analysis, and also those of ethics.  Bernstein (1996) points out that languages of description stand as explicit connecting frameworks which relate the empirical to the conceptual.  In their explicitness they serve also an ethical end, by allowing 'the described to change its own positioning' (ibid., pg. 134) through an interrogation of the principles that have generated the analysis. While my own framework does not constitute a language of description, the issues still hold.  For it could well be asked of the varied account: "well, why don't you ask him to clarify instead of imposing your own reading?"  The analyst's reading is always that which is imposed, and to interview again and again in search of an unvaried "truthful account" would be to engage in infinite regress.

The interview as an evoking context

The interview is an invitation, an evocation, to speak.  In this sense it is productive.  At the same time it is constraining insofar as it canalises and silences expression. In the way it is constituted and in the manner of questioning, probing and responding, a regulation on speaking and silence is imposed, although by no means absolutely.  The interview can be regarded as a context in which subjects position themselves in relation to each other, and recruit or recontextualise1 linguistic (and somatic) resources in order to achieve this. Questions, narratives, accounts, rhetorical devices of different kinds, and body posture are potential resources for recruitment in the elaboration of subjectivity.  Language and subjectivity; the selection and combination of utterances to produce accounts and the enunciative spaces (Weedon et al, 1986) which are opened up by this, are inevitably key features in the analysis which follows. 

Clearly interviews vary in terms of the subjectivities and linguistic performances that are privileged.  A chat show, an in-depth news commentary and a research interview are all located within different activities, and are thus constituted differently.  The two research interviews reported on here were conducted within the activities of teacher education and classroom teaching, and these regulate positioning and recruitment to some degree.  I am an academic researcher and lecturer whereas those whom I have interviewed have been students and are now teachers operating in the field of mathematics education.  We can be expected to produce and reproduce the utterances and general comportments associated with these positions in the field.

Subjectivity is multiple, and I argue that the evoking context of interviewing foregrounds or backgrounds subjectivities, repertoires, positions, and in this way motivates the selective recruitment of resources.  In other words, the context of the interview calls forth or interpellates certain subjectivities or positions (academic, teacher, acquirer) and back-grounds others (those pertaining to domestic and leisure activities, for example).  These subjectivities recruit resources in their elaboration.  However, and here lies the theoretical and methodological rub, that which is recruited or recontextualised, at the same time constitutes subjectivity.  In this sense subjectivity is both constituting and constituted; the subject constitutes itself through a process of recontextualising, but it is at the same time constituted by that which it recruits.

Slippery stuff, indeed.  But while acknowledging to the social theorists amongst us the existence of this problem, I will for the moment adopt a more heuristic stance, a preliminary "take" which will allow me to proceed someways towards an analysis.  Hall describes this problem of attempting to grasp both the constitution of subjects (in his case groups) and of subjects (or groups) as constitutive, as "a commitment to walking forwards while looking backwards."2  While he suggests there are dangers here "of falling into a pit, or at least of stumbling along with a very strange gait; [..] much, too, can be gained from weaving rather than marching" (Wetherill & Potter 1992: pg. 87).

However unsteadily, then, let me illustrate here what I mean.  As indicated previously, I will provide below extracts from two interviews with the same teacher over a period of a year.  The first interview took place while the interviewee was a student on a preservice mathematics teacher education course; the second at the end of his first year as a mathematics teacher.  I shall call the interviewee Thabo, although as will become apparent Thabo does not speak with a single voice.  As a matter of style and ease of presentation, I shall variously refer to Thabo or the "authorial voice", a voice which is multiple and shifting, which is first transmitter then acquirer, now dominant and now subordinate.  The authorial voice is that which is foregrounded, that which organises and enunciates at any point in time, a voice that speaks through that which it recruits.

In the first interview, the authorial voice is marked out as a successful student and teacher-to-be with a solid educational background, especially in mathematics.  A year later, as a teacher in a demoralised, underresourced ex-DET school, an authorial transmitter voice can be marked out as a victor against very great odds.  This voice alienates its past and those features of its present which resonate with it.  It is a voice which presents itself as lacking in a solid educational background, having never, until Matric, been taught mathematics properly.

Looked at straightforwardly3, the teacher would at the very least appear not to be a very close companion of the truth.  Looked at awry (in other words, taking variation in accounts as something to be expected and fruitfully analysed) the matter can be presented differently. This is, in part, what the paper hopes to achieve.

Both interviews are productive; they are invitations to Thabo to provide accounts of two settings, his teacher education course and his life in school as a teacher.  They are likewise constraining, in that they establish what can and cannot be spoken of, in ways I shall show later.

In both interviews, interviewer and interviewee position themselves in relation to the other.  Both draw upon, recruit, recontextualise resources in order to elaborate their positions.  What constitutes a potential reservoir of resources for recruitment?  Learning theories, utterances of lecturers, teaching colleagues and pupils, ensembles of voices and associated practices, mathematics, and so on.  Here again, the interview constrains in that through the questions asked, certain reservoirs are indexed and not others (although none are likely to be explicitly excluded). Both teacher education and classroom teaching practices stand in relation to each other, and for the participants in the interviews being described here, as potential reservoirs of resources for recruitment.

Three levels of analysis suggest themselves here then (and here I draw loosely on Dowling, 1995). Firstly, the level of the event, the interview itself, the negotiation of meanings and positions between interviewer and interviewee.  Secondly, the level of the text produced (the interview transcript) and thirdly, the reservoir of resources for potential recruitment.  The interview engages empirical subjects and foregrounds and backgrounds subjectivities.  These are produced and reproduced in the interview text as voices.  So while the interviews took place between myself and Thabo, in analysing the transcript my authorial voice as analyst and writer of this paper attempts to mark out the authorial voice within the transcript (see in this regard also Atkinson, 1991). 

How then does the authorial voice within the text recruit the settings of university and school in constituting its utterances?  This authorial voice constitutes itself by recruiting as resources a matrix of voices, hierarchically arranged, and distributing practices to each.  The authorial voice, in the context of these interviews, is variously a transmitter (teacher) or an acquirer (student teacher).  An authorial voice as acquirer, for example, can be established as either apprenticed or dependent, according to the manner in which it marks out other voices and locates itself in relation to them.  An apprenticed voice is one which presents itself as having mastered the pedagogic message.  A dependent voice is an alienated voice, one which has not successfully acquired the message.    

Positioning and distributing strategies

Dowling (forthcoming) refers to positioning strategies as those strategies which are deployed to arrange voices in relation to each other, vertically or horizontally, in patterns of dominance and subordinance.  Positioning strategies described here include: specification or naming of voices (teacher, pupil, principal etc.) differentiation of voices (between "good" (privileged) and "bad" (pathologised); dominant and subordinate) through - affiliation (linking of dominant voices)  attraction ( - association (linking of subordinate with dominant voice) ( - identification (linking of subordinate voices) distancing - rejection of dominant or subordinate voice (say, through critique)

The positioning strategies work with distributing strategies, which are here concerned mainly with the distribution of generalised (context independent) and localised (context specific and dependent) practices.  Generalised practices (or knowledge), for example, would include learning theories, theories of teachers' work and life in schools, specialised subject knowledge and so forth.  Local knowledge would include specific knowledge of life in particular schools, knowledge of particular students and so on.  Distributing strategies, then, link forms of knowledge and practice with particular voices.

Clearly the differentiation between positioning and distributing strategies is an analytic one; empirically they work together.  It is difficult, for example, to talk of a transmitter voice independently of the practices which are distributed to it.

INTERVIEW 1

The purpose of the first interview was to animate a discussion on the academic (university) setting and to a lesser extent the school  setting. The interview took place with Thabo and another student; it is only Thabo's utterances which are of interest here.  The authorial voice is marked out as a successful acquirer and teacher-to-be on the basis of the selective recruitment of voices and practices from the academic and school settings, and the strategic positioning of these voices in relation to each other.  How is this achieved?

Marking out of the authorial voice as successful acquirer

The authorial voice marks itself out as a successful acquirer by recruiting voices and associated practices from academic and school settings and positioning itself in relation to these.

* recruitment of voices and practices from academic setting

- positioning in relation to the educational theorist

The acquirer voice marks itself out in relation to two dominant transmitter voices in the academic setting, that of the educational theorist (lecturers of core theory courses) and that of the virtuoso practitioner (lecturers on the mathematics teaching method course).  Positioning in relation to the educational theorist is ambivalent.  At an early point in the interview, a subordinate and dependant voice describes the HDE overall as "very tough" - "it's like we are doing some Masters course in Engineering or so, it's very tough, everyone is complaining".  By referring to "everyone" here, identification is established between subordinate voices.  There is a strategic disruption of dependency, however, by a later comment that the course isn't really difficult but a lot of work. "Ja, really, I never found anything difficult.  I found that I could cope very well".  A successful acquirer can be marked out here as one who is able and willing to work hard.   

The extract below forms part of a discussion about the core educational courses on the HDE; social foundations, psychology and curriculum theory. Distributed to the educational theorist is generalised knowledge about the educational system.

If you take curriculum theory and what what practice, you know about I mean some innovations that are being made in the education system you know I mean what to expect when you go back.  I mean some of us schooled a long time ago, now there have been some changes in the interim so you have got to know what changes have been made there, what changes are going to be made and the changing, I don't know, political system and so on, so you go back to school knowing very well what to expect .. like psychology of education, you really learn a lot I mean about how I mean adolescents behave like. 

Here the educational theorist voice is established as dominant and the acquirer associates with it by referencing its usefulness for providing a general orientation to schooling.  These core courses are useful in exposing students to the "real world of teaching", "there is no way you can do without them". However, a strategy of distancing is invoked as well; there are problems in the way these courses are structured; "like if you come from, like Itumeleng, he's from a purely B.Sc. background, you know, it's very difficult to deal with some of this stuff like philosophy of education where the language is too philosophical ..".  The course is criticised as "too theoretical and lacking the real world", it cannot be applied in classrooms.

I think it should concentrate more on teaching us how to react when we confront particular sit... I mean, I don't know how to put this, but rather, how do you react when you meet this particular situation, not giving us a proper direction that when A happens, do B, you know, that when A happens, you can either do B or C or whatever and not sort of A.  I don't know how I should put this, but should tell us more on not what to do but how, how to do when you confront this particular situation, when you are confronted in this particular situation.

In other words, knowledge which can be applied in local, specific contexts is privileged over more generalised forms.  The core courses are useful in introducing students to general forms of knowledge about the context of schooling and changes that have and are about to be made.  The importance of this generalised knowledge is acknowledged, but there is the need likewise for more localised, context-specific knowledge.  In other words, the acquirer voice is partly distanced from the message of these courses, and challenges the subordination entailed here by criticising the course for its lack of localised knowledge. 

- positioning in relation to the virtuoso practitioner

Whilst the authorial acquirer voice is largely dependent in relation to the educational theorist, it is apprenticed in relation to the virtuoso practitioner, to which is distributed both general and specific knowledge of classrooms and the elaboration of pedagogic assemblies.  The apprentice voice speaks confidently about the mathematics teaching method course and demonstrates facility with its message.  The course has been a "complete revolution".  

Previously mathematics was seen as completely theoretical; one learned topics like linear equations with little concern for how they might be applied in practice. "... I think it's very beneficial really.  Pupils come to discover some of the things on their own you know...They actually see how some of the things they do in mathematics is practical and some of the things they discover on their own [...]  The self discovery, hands on approach is good [..]  pupils must get involved [..] I always try to be innovative. [..]  I have never had a problem of discipline, even before, but a you know using the rod in order to effect discipline is not a good way.  The best way [...] is when the pupils are really involved. I mean the class basically belongs to the pupils, you are only there to guide them and pupils shouldn't think that you are the seat of knowledge as a teacher.  You are only there to share with them and develop their experiences.[..] They (lessons) were very fantastic, they were very interesting to the pupils and I think my lessons went pretty well, you know.  I also type of enjoyed this way of teaching mathematics.

Here the authorial voice marks itself out as a successful teacher by appropriating the rhetoric of the preservice teacher education course and arguing that this works successfully in practice.  The student teacher (novice transmitter) voice marks out its development from TP1 to TP2 through increasing association with the virtuoso practitioner voice.  In TP1 Thabo taught in the old way, simply giving the formula "raw from the book" and "people have got to ram it into their heads". "In the past I would simply give the formula from the book and give them an exercise and they apply the formula, that's all."  On TP2 he taught in the "new way".  "I think my lessons went pretty well, you know".  

- positioning in relation to other practitioner voices

A distinction is made between the mathematics method course and another method course offered.  In the mathematics method course students were grouped deliberately but randomly each session, so that students worked with different peers over different sessions.  In the other course, however, students were permitted to group themselves voluntarily, and all the white students grouped together with the black students forming a residual group. 	

you feel that you are being alienated you know.  White students will group together every time ... you know I like the way they do it in maths [..] that was much more fair [..] It is like a race thing, you know, so it is like you are being told OK, you are black, go together every time. [..] The very same people are in maths, when they move (to this method) they are different people.  When we are in maths we are friends, when we go to (second method) no, we are different people now.

Here the authorial voice places a section of lecturers and students (white) in collusion.  The comments stand as a rebuke, as a distancing strategy from those in control of the course.

* recruitment of voices and practices from the school setting

The authorial voice recruits voices and practices from the school setting, encountered on teaching practice, to distance itself from the educational theorist and virtuoso practitioner.  This is achieved in the following way, in a discussion of teaching practice.

On teaching practice, Thabo claimed, "most of the lessons you fake them, you know".  Students often say they are teaching but in fact they are giving tests and both their TP journals and lesson plans are entirely "fictitious" accounts of what student teachers actually do.  This is described as a generalised practice; "everyone does it".  Thabo colludes, and yet later distances himself by asking "if you are sure of yourself, and the lessons are going OK, why repeat a lesson?"  

Furthermore, he indicates that a teaching practice supervisor confided in him that most lessons in ex-DET schools are staged, preplanned dramas performed in the classroom. 

The UCT point of view which emphasises I mean the, what do they call it, the student-centred approach where students do most of the work.  You know if you go into a class and you are a teacher and you talk alone, so from a UCT point of view you have done nothing, you have been talking alone, that is the teacher-centred approach, so you've got to make pupils, I mean, know what to expect and you even know which one you are going to ask a question, which question is to be directed to which pupil and the pupils almost expect it (laughs).  

In order for pupils to respond in the way supervisors would like, then, student teachers often teach the lesson twice, once alone and then again before the supervisor.  Either this strategy is employed, or student teachers will cajole pupils into collaboration while the "crit lesson" is in progress.  Thabo gave as an example of this an English lesson where the student teacher asked the pupils in Xhosa to behave so that the supervisor, who spoke English, could not understand.  Pupils in some schools refused to collaborate with these "faked" lessons and became disruptive.

The authorial voice further caricatures UCT's view of a good teacher, as "one who engages the pupils, moves around the classroom [..] smiles even when there is nothing to smile at [..] must always have some big posters with him or her", cleans the chalk board and writes the date on top.  The last two mentioned imperatives resulted in ridicule from teachers in the school who characterised it as a phenomenon of teaching practice rather than practising teachers.  A bad teacher, by contrast, does none of these things and "monopolises classroom activities" and "stands in front like a priest".  UCT's emphasis on lesson plans is questioned; "preparations are not necessary as long as you have done your stuff and you know what you are going to do in the classroom.  Why write it?  You are not going to look at it. You are implementing your activities as you face the reality of the classroom, as you face the classroom situation.  That is what dictates your lesson plan".

Here, the authorial voice proceduralises notions of good teaching practice, shows them to be inappropriate and recruits this as a way of privileging momentarily the local, contingent knowledge of schools above the more generalised knowledge transacted by the university.  The educational theorist, and to some extent the virtuoso practitioner, are established in a mythical space which is contrasted with the "reality" of schooling.  The theorist is positioned as incapable of generating localised message; the virtuoso practitioner can but lacks the knowledge of local conditions regarding the possibility of implementation, a point to which I will return later.  

The school setting is thus recruited by the authorial voice to effect a distancing specifically from the educational theorist voice.  The authorial voice identifies with other HDE students in claiming local knowledge about the distinction between real and artificial lessons; the educational theorist, and to some extent the virtuoso practitioner, are linked with the artificial lesson.  In this strategy, the authorial voice claims access to both the theorist's message (because it can create artificial lessons which satisfy the theorist) and the localised message of the practice of teaching and thus lays claim to greater generality.  The lecturer can operate only in the lecture room and the mythologised classroom whereas the student can operate in both these spaces as well as the real classroom.  Furthermore, the authorial voice gives some indication of knowledge of the theorist's message but employs irony in its presentation, thus effecting a distancing. 

There remains an association with the virtuoso practitioner through the recruitment of its message in discussing classroom practices.  At the same time there is a distancing from this voice which is achieved by problematising issues of implementation of the teaching ideas advanced on the HDE in relation to schools.  

Teachers in the schools teach "50 50" in the old and "UCT" way.  The teachers know they cannot change overnight, they have developed their ways of teaching.  That is why some of them are still using the old ways.  I think they are still learning.  Some of them are old teachers and I think they have been demoralised by everything.  They are no more interested in teaching so they are just there for their jobs ...

Thabo claims that he is able to take these new approaches into classrooms, this must be done gradually, "or it will give a wrong picture of yourself" and antagonise other teachers.

* recruitment of a projected voice - positioning in relation to the future

A projected voice, the voice of the teacher-to-be, presents itself as ambitious for the future.  Thabo does not wish to stay in teaching long but wants to take his skills back to those "in the dark".  He would like to work in the rural areas in a college or as a subject advisor.  "I think people will have a lot to learn from me, it won't be useful for me, I mean, to work as a teacher in a particular school".  However, he intimates that he will do this in his other method rather than in maths, as he only has one year of university mathematics and to opt to become a maths teacher might hamper his advancement.

* recruitment of a retrospective voice - positioning in relation to the past

The authorial voice marks itself out as a successful acquirer also by recruiting school experiences as a pupil. Thabo says he never hated mathematics and talks of a community pride in him to achieve. "Everybody at home wanted me to study maths so I had this type of you know this pride in me that mathematics was simple for me, I can always do it you know."  He had always done well in mathematics at school; "maths was simple for me, I can always do it".  He claimed he had good teachers at school, "I also I had good teacher at school, I never had a bad teacher", although they all taught from a "traditional point of view".

Summary

The authorial voice establishes itself as a successful student and teacher-to-be through a dynamic and changing process of positioning and distributing strategies.   The acquirer as apprentice affiliates with the HDE as a whole, and the method course in particular, and its message of good practice, and critiques that which is considered inappropriate.  The acquirer voice is dependent in relation to more generalised forms of knowledge on the theory courses, but the implied subalternity is disrupted by the celebration of more local forms of knowledge through association with teachers in schools. Likewise subordinance is subverted by recruiting the local knowledge of teachers in schools who ironise the message put out by the university.  

In establishing itself as successful acquirer, the authorial voice also celebrates its own past as pupil and its access to sound mathematics teaching.  This, as we see, changes in the second interview.

INTERVIEW 2

In the second interview, my intention was to generate a more detailed set of utterances about teaching in a specific school, about the planning of lessons, teaching strategies, the evaluation of pupils and so on, as well as about the academic setting.  The purpose was to mark out a transmitter voice in relation to other voices, and the distribution of practices to them.  

In interviews conducted around the same time with other beginning teachers in the sample, I was generally positioned as a voice from the past, as one associated with the teacher education course but not in any central way with current practice.  In other words, I was accorded a certain dominance with respect to my access to generalised knowledge, which could be counterbalanced by teachers' grasp of local knowledge of school life.  Overall, they positioned themselves in relation to me as professionally competent teachers.

In my second interview with Thabo, this time with him alone, we were positioned not only as interviewer/interviewee, but also as lecturer and student in that Thabo had enrolled for a B.Ed. In other words, I was a PhD candidate conducting research, someone associated with his past as a student, and also his lecturer.  Positioning was thus a complex task.  

Marking out of the authorial voice as competent teacher

As with the first interview, I wish to describe how an authorial voice as competent teacher is marked out in relation to voices both within the academic and school settings.

* recruitment of voices and practices from the academic setting

The authorial voice, as before, associates with the voice of the virtuoso practitioner on the HDE by referencing forms of practice introduced on the teacher education course.  The method course, claims Thabo, "turned me around".  When pressed to say how, he responded that he was now more responsive to pupils' needs and interacted with them more instead of "teaching from the front".  Interacting with pupils meant he got to know them better.  There is thus an association with forms of regulative practice introduced on the HDE although these are not fully elaborated.  Very little detail is provided of instructional aspects.  Thabo mentioned one task to which he was introduced on the HDE which recurred in interviews over the course of the year.  Both instructional and regulative aspects are invoked to achieve an association with the virtuoso practitioner voice as indicated above.

* recruitment of teaching practices from school setting

As indicated above, the purpose of the second interview reported here was to solicit discussion of current teaching practices.  In other words, to mark out transmitter and acquirer voices and a detailed web of distributing strategies.  I asked Thabo to identify a section of mathematics which he found difficult to teach and describe how he would structure a lesson around it.  This proved extremely difficult to do. With considerable probing he eventually sketched out a geometry lesson.  The following is an extract from my field notes4:  

I asked him to identify a section of work he found difficult to teach, and he said geometry to the standard 10s.  I then asked him to imagine that I was a student teacher who has been attached to him for teaching practice and he is asked to advise me how to structure the lesson.  What advice would he give me?  Thabo had considerable difficulty with this.  After a pause he suggested that I would need to be aware of the students' previous knowledge because often what they learn in standard 10 is based on standard 9 work which they don't know.  So I said fine, that was an important piece of advice.  How should I proceed next?  He had considerable difficulty with this, so I prompted him.  Should I make use of the textbook in any way to structure my lesson?  He said I should make sure as I went through that the students understood the theorems and the reasons for each step.  You mean I write it out on the board, set out each step, perhaps asking them to say how each step is justified?  Yes. OK, what should happen next?  Again he was stymied.  I went over the steps again.  Now what should I do.  He said, well, some practical examples, but there aren't any in geometry, so some exercises. [..] When I asked him what he would look for in critting a lesson like that, he couldn't answer at all.

While it proved difficult to solicit utterances about Thabo's own teaching, he did mark out what he considered to be a "good teacher".  This was somebody who moved around the classroom and interacted with pupils, identified their problems, assisted them and didn't "pour in knowledge" by standing in the front and delivering.  A good teacher also achieved good results.

It is significant that there is little detailed elaboration in this interview of classroom practice.  One could speculate that a reason for this could be that for Thabo to elaborate on lessons, for example, would be to subordinate himself to me as an apparent adept and make his practice available for my evaluation.

* recruitment of other voices and practices from the school setting 

In this interview and others conducted on previous occasions with him, Thabo described the school in which he taught as underresourced and inhabited by teachers who were demoralised, often came late, and when they were in school, often did not teach.  There was no functioning mathematics department, and no one to draw support from in planning and evaluating lessons.  This differs significantly from interviews with other teachers, who, in positioning themselves as professionally competent, would recruit utterances by other teachers, parents, pupils, the collective voice of a functioning mathematics department as well as their own repertoires. The authorial voice here does not recruit resources of this kind to mark itself out; instead it marks itself out in relation to lack, what is not done and not provided.

* recruitment of a retrospective voice; positioning in relation to the past

The transmitter voice here recruits a past as pupil with very few good teachers.  Senior students at the school where Thabo was a pupil coached those in the lower standards in a "self help" system; it was only in Matric that he had an effective teacher.  Most teachers came to school only on pay days to collect their cheques. 

Summary

The authorial voice marks itself out as a successful teacher through continued association with the virtuoso practitioner on the HDE and by distancing itself from extant teaching practices in the school.  It recruits problems of schooling in the past and the present to establish itself as the voice of a victor, as one who has become professionally competent against very great odds. It seeks to distance itself from its past school environment which is in many ways equivalent its present.  The implication is that just as Thabo overcame the obstacles imposed by poor teaching as a pupil, in like manner will he overcome the obstacles posed by the same lack of professionalism in his colleagues.

Conclusion

This paper constitutes an attempt to work with an analytic framework in relation to interview data.  It suggests that interviews as contexts foreground subjectivities, and that the foregrounded or authorial voice within a text such as an interview transcript constitutes itself by recruiting other voices and distributing knowledge and forms of practice to them.  This is summarised in the appendix to this paper.

Utterances have been produced on two occasions by the same respondent in consistent and apparently varying ways.   In the first interview, the acquirer voice recruits a successful career in mathematics as part of a strategy to establish itself as able and hardworking.  In the second interview, the transmitter voice establishes itself as professionally competent against great odds, namely underresourcing of the school, a non-functioning mathematics department, low morale and lack of professionalism amongst fellow teachers.  The authorial transmitter voice distances itself from these positions and forms of practice, and attempts likewise to distance itself from its own past.  Poor mathematics teaching as a pupil forms part of that picture.  

The analytic framework points to regularities across these two interviews, as in both, the authorial voice establishes itself as competent, either as a student or a teacher. It also provides a mechanism for explaining variation, in that it suggests that different resources (different accounts of life histories) are recruited on the two occasions to establish competence.  In other words, there is consistency and regularity in Thabo's efforts to position himself as effective; variation in the resources that are selected in order to do this.

As indicated at the start of this paper, the analytical framework presented here is intended to organise a range of data.  Interview data, as well as journals, student projects, field notes and recordings of lectures and classrooms are to be analysed in terms of how subjects (transmitters and acquirers) recruit resources in the elaboration of their positions.  Of particular interest is how knowledge produced and reproduced within teacher education constitutes a potential reservoir of resources for recruitment, and how different students and beginning teachers act selectively on this reservoir to constitute their own repertoires. 
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APPENDIX

MATRIX OF VOICES AND PRACTICES WITHIN AND ACROSS CONTEXTS

ACADEMIC SETTING

voice

specialisation

associated practices

educational expert

generalised knowledge, knowledge of schooling

transmitter

virtuoso practitioner

general and specific knowledge of classrooms; elaboration of pedagogic assemblies

apprentice 

reproduction of rhetoric and practices (recognition and realisation)

acquirer

dependent

lack of access to message (possibly recognition; no realisation)



SCHOOL SETTING                        

voice

specialisation

associated practices

transmitter

* subject specialist

* pedagogic expert

reproduction of school mathematics

relaying or interpreting of syllabus

development of pedagogic assemblies

regulation of classroom practices

acquirer

* apprentice

* dependent

access to school mathematics

alienated from school mathematics



1.  I have avoided a general engagement here with the notion of recontextualisation.  Bernstein (1991, 1995) refers to it as the mechanism for the constitution of discourses.  Muller (1995) more recently uses it to refer to the ability of acquirers to retrieve vertical discourse, to demonstrate connectability.  My usage follows that of Dowling (1995), who associates recontextualising with the elaboration of a "gaze" by one activity upon the practices of others, which are recruited and reorganised according to the regulating principles of the recontextualising activity.  As will hopefully become apparent in the analytic framework presented here, subjectivity is for me central to recontextualising action.

2.  Or lifting oneself into the air by pulling on one's own hair, as Pecheux (1982) describes the 'Munchausen effect'.  Or 'the age-old problem of the homunculus again' (Henriques et al 1984, pg. 96).

3.  The reference here is to Zizek (1992) who uses the metaphor of anamorphosis to problematise the gaze or view, suggesting that regularity or distortion shift and are reconfigured according to how one "looks".  My appropriation of Zizek goes no further than this; there is no attempt here to develop a psychoanalytic account of variation.

4.  Unfortunately there was a fault with the tape recorder used to record the final interview and it was necessary to create field notes shortly after the interview took place.
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Introduction

A while ago now I, as part of a panel, was asked by a publisher of curriculum materials to review and comment on the three series of school mathematics textbooks they published.  The three series were distributed to three different markets defined along the lines of race at the time: House of Assembly schools (‘white’), House of Representative schools (‘coloured’), and Department of Education and Training schools (‘african’).  The publisher hoped to use the review as an initial step towards rewriting the textbooks to meet the demands of the immanent changes in the organisation of state-funded education in South Africa.

The textbook series destined for the Department of Education and Training schools was obviously different from the others: it was heavily didactic, showing many examples of how students were to perform various calculations, and it presented the exposition in a form which resonated with that of comic books and cartoons.  It seemed that the publisher was using jelly-bean type characters interacting in a cartoon-like format to deal with the problem of the making mathematics relevant to the lives of school children as well as the problem of achieving politically correct gender and racial representations in the textbooks: the characters, who are always having fun, are apparently neutral with respect to gender and ethnicity—generic school children, pure subjects of mathematics emptied of all socio-cultural specificities.  A neat solution in politically volatile South Africa.

In my reading of the textbook series, however, it became increasingly difficult to accept and sustain the apparent socio-cultural neutrality of the books.  In fact, the world of the textbook seemed to be congruent with the world outside of the classroom rather than a disruption of that world.  Can this congruence be described in semiotic terms?  Specifically, for the purpose of this paper, how is it that high ability is distributed to males and low ability to females in the textbooks?

Metaphor, metonymy and myth

I draw on the work of Barthes, Dowling and Eco to discuss the assigning of mathematical ability and competence to male and female primary school students through the use of icons in one of the primary school textbooks—Understanding Mathematics 5—published by Maskew Miller Longman in South Africa. Alongside a close reading of iconic text I shall also produce a content analysis which will reveal the degree of visibility of males and females in the text as a whole.  This particular textbook is similar to all the others in the series and is the textbook used in the final year at primary school.

Signs as representations of people and things in writing and images always signify more than that which they apparently denote. Through the workings of intertext a second order of signification is produced: that which is connoted. Barthes (1972) refers to this second order signification as ‘myth’:
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(Barthes, 1972: 115)

I shall use Barthes’ definition of the mythical to point to the production of myth in the text which I analyse. I shall also use Eco’s (1979) formulation of the relationship between metaphor and metonymy: metaphors can be established by metonymic substitution (Dowling, 1993, 72) since the poles of the metaphor can be linked by a sequence of subjacent metonyms:

A metaphor can be invented because language, in its process of unlimited semiosis, constitutes a multidimensional network of metonymies, each of which is explained by a cultural convention rather than by an original resemblance. The imagination would be incapable of inventing (or recognizing) a metaphor if culture, under a form of the possible structure of the Global Semantic System, did not provide it with the subjacent network of arbitrarily stipulated contiguities. The imagination is nothing other than a ratiocination that traverses the paths of the semantic labyrinth in a hurry and, in its haste, loses the sense of their rigid structure. The ‘creative’ imagination can perform such dangerous exercises only because there exist ‘Swedish stall-bars’ which support it and which suggest movements to it, thanks to their grill of parallel and perpendicular bars. The Swedish stall-bars are Language {langue}. On them plays Speech {parole}, performing the competence.  (Eco 1979, 78)



In my reading of Understanding Mathematics 5, the production of the myths of female low ability and male high ability is facilitated by the attaching of metonyms to first order signification by exploiting the echoing of other texts which circulate through the text under discussion.

Children, cartoons and mathematics texts

Understanding Mathematics 5 makes extensive use of representations of children as transmitters of mathematical knowledge. The images, through various devices which will be discussed below, are metonymically attached the student readers of Understanding Mathematics 5 as well as to cartoons in general.

On page two of Understanding Mathematics 5 (see Plate 1) the reader is presented with a classroom scene: creatures that are somewhat similar to humans, show humanoid facial features (with the exception of ears), speak English, and are arranged in rows of desks. Through a simplified use of perspective and three posters (or wall charts) a wall is suggested behind the creatures. The creatures are participating in various activities: sleeping, shooting pellets through what looks like a pea shooter, puzzling over some or other idea or question, raising their arms, perhaps wanting to respond to a question or tell on a mate, passing a note around, and, in the far corner, almost hidden from view but for the wearing of a conical hat displaying a “D”, sits (what must be) the class dunce. Sometime later in the book names (John, Cindy, Allison, Jabu, etc.) are attached to the creatures. The scene therefore signifies a teacher and her/his students in a classroom. The teacher is denoted by the presence of a mortar-board.
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Plate 1

The use of simplified perspective, compression of detail and an unrealistic style (suggestions rather than accurate depictions of people and things) connotes children’s comic books (Hodge & Kress, 1988, 121 ff.).� This connotation is strengthened through the use of speech- and thought-bubbles to display utterances and thought of the teacher and students. The cover of the textbook shows five smiling children running along and waiving drawing instruments. Whether they are running towards or away from the mathematics classroom remains uncertain for there is a suggestion of fun and play in their activity; it is much easier to associate child play and recreation with comics and cartoons than with mathematics.

Locating iconic text

Peirce differentiates between different types of signs in his Collected Papers: icons, indices and symbols (Silverman, 1983, 19). As my chief interest in this paper is the use of iconic text in Understanding Mathematics 5, I shall not pay much attention to indices and symbols as described in Peirce. For Peirce the iconic sign partially resembles its referent, possibly sharing properties with it or duplicating the organising principles which the referent is subject to:

Those which partake of simple qualities ... are images; those which represent the relations, mainly dyadic, or so regarded, of the parts of one thing by analogous relations in their own parts, are diagrams ... (Peirce in Silverman 1983: 19)



Examples of icons in Peirce’s scheme are images of various kinds�SYMBOL 190 \f "GreekMathSymbols"�sculptures, paintings, cinematic images, cartoons, diagrams�SYMBOL 190 \f "GreekMathSymbols"�as well as graphs and mathematical equations. However, for my purposes, I must adapt Peirce’s notion of the iconic.

Since I wish to examine the use of these cartoon-like representations in Understanding Mathematics 5 I will exclude graphs, mathematical equations and symbols from the iconic, except where they are accompanied by cartoon-like representations (I shall refer to the representations as cartoon figures).

Plate 2 shows an example of a typical page which contains iconic text. The cartoon figures speak through speech bubbles, explaining their playing of a game on an “adding board”. Following this�SYMBOL 190 \f "GreekMathSymbols"�and not in speech bubbles�SYMBOL 190 \f "GreekMathSymbols"�a number of variations on the game are listed after which addition on a number line is illustrated. Even though these latter bits of text are not directly linked to the cartoon figures, I want to argue that it is read as a continuation of the speech of the cartoon figures and that this is the case in general.

With every occurrence of the transmission of mathematical knowledge in Understanding Mathematics 5, as opposed to the listing of mathematical tasks (exercises/problems), such transmission is accompanied by cartoon figures and is enclosed in a rectangular box which punctuates it off from the rest of the text on the page. Plate 1, the first page of Understanding Mathematics 5 which attempts the transmission of mathematical knowledge, shows the teacher introducing a class (as a collection of sets). Halfway down the page a cartoon figure, representing someone other than the teacher, takes over the teaching which is subsequently taken over by a different character. Plate 1 exhibits the only representation of a cartoon figure which unambiguously denotes a teacher in Understanding Mathematics 5. From this point on the teacher is banished from the text and the teaching of mathematics is left to students.
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Plate 2

The extent to which the reader identifies with the depicted scenes and characters is dependent on ‘modality’�SYMBOL 190 \f "Symbol"�the kind of truth value attached to them (Hodge & Kress, 1988, 26):

Modality is ... in play at all times, in every semiotic act. The affirmation of ‘security’ over the system of classification is an instance of the operation of modality, as much as the assertion of its ‘insecurity’. Consequently all utterances (to use a verbal analogy) are modalized. What does vary is the use of modality either to affirm the ‘security’ of the classification system asserting its ‘truth’ or its status as ‘reality’, or to bring the security of the system into question, challenging its status as ‘truth’ or as ‘reality’: calling it ‘fiction’ rather than ‘fact’, for instance. Given that what is at issue is the question of ‘affinity’ or lack of affinity of the participants with the system (and thereby with each other) we can speak of a modality of high affinity ... or of low affinity (with the system) ... (Hodge & Kress 1988: 123; my emphasis)



Although having no empirical evidence� in support, I conjecture that the features of the text discussed above establish a relation of high affinity of students with the text. For the student reader it would therefore become increasingly difficult to associate explanations and instructions which are not in speech bubbles with the teacher; such text signifies instead the utterances of already mathematically competent student-pedagogues.  In this analysis, therefore, cartoon figures as well as typescript, diagrams and graphs associated with the cartoon figures, all enclosed in a box, constitute one category of icon (Type 1).

A second category of icon (Type 2) is constituted by cartoon figures which appear alongside mathematical tasks (see Plate 2). These cartoon figures and the tasks are not boxed and the figures are not transmitting mathematical knowledge. Rather, they are shown as participating in various types of physical exercise or recreation. The mathematical tasks are not read as part of the iconic text.

Measuring iconic text

Words, symbols and images in Understanding Mathematics 5 occupy a rectangular area of 20cm by 14cm. In order to measure the proportion of area occupied by icons I constructed a 20cm by 14cm grid on an acetate sheet which I then superimposed on each page. The individual 1cm by 1cm squares covering iconic and non-iconic text were counted for each page in every chapter of the book.� The proportion of iconic text per chapter was expressed as a percentage of the total text comprising that chapter; the results are shown in Table 1. Over the whole book 67,6% of textual space is devoted to iconic text.

With such a heavy proportion of iconic text through which students are presented as teachers in Understanding Mathematics 5 one is tempted to ask how and if metonymic links to race, gender and class are attached to students with respect to mathematical competence. Which students are selected as mathematically competent? Given limited space I have chosen to focus only on gender.



�Chapter #�Topic�No. of pages� Proportion (%)��1�Sets�8�89,5��2�Natural & whole numbers�36�56,8��3�Geometry�13�66,5��4�Common fractions�43�73,5��5�Number sentences�6�65,6��6�Working with geometrical figures�27�74,8��7�Working with decimal fractions�34�53,6��8�Percentage�12�59��9a�Volume�6�54��9b�General revision�5�0��Table 1 Proportion of iconic text in Understanding Mathematics 5

Representing gender in the text

Initially it is not clear how gender is signified in Understanding Mathematics 5. However, at various places in the text names are attached to cartoon figures. I have collected a number of such occurrences in Plate 3.

It becomes clear from an analysis of the images that dress plays a central role in assigning gender to the figures. With regard to dress it is only the absence of head dress or the presence of a peak cap or bow tie that signifies the masculine. The feminine is signified by a hair bow or a chef’s cap; females always wear some form of head dress. This signification of the feminine is emphasised by showing girls participating in stereotypical female activities: Thandi and Thembi weigh themselves; Alison bakes a cake. Boys are never shown participating in such activities. This analysis enables the identification of representations of boys and girls in iconic text.

It would hardly be surprising if an analysis showed that male students were privileged above females; the social is already organised along lines of gender differentiation and preference with respect to various activities. A quantitative content analysis clearly suggests that Understanding Mathematics 5 selects boys rather than girls as already competent student-pedagogues: I counted the number of occurrences of boys and girls teaching (in Type 1 icons) and found that boys teach most of the time, animals (dogs and birds) sometimes teach, and that girls never teach.



Male teaching�Female teaching�Animal teaching��265�0�4��98,5%�0%�1,5%��Table 2 Understanding Mathematics 5: Teaching

I also counted the number of occurrences in iconic text (Types 1 and 2) of girls, boys and animals speaking (Table 3) as well as references to males and females in iconic and non-iconic text (Table 4). Both tables suggest that males are much more visible than females in Understanding Mathematics 5.

Male speech�Female speech�Animal speech��279�6�13��93,6%�2%�4,4%��Table 3 Understanding Mathematics 5: Speech

These findings are in general agreement with research on gender bias in textbooks: Cairns & Inglis (1989), Heathcote (1982), Morehead (1984), Nibbelink et al (1986), Northam (1982) and Walkerdine et al (1989). While quantitative content analyses of texts are useful in alerting one to certain features of the text which might go unnoticed, such analyses are not able to adequately describe the textual strategies implicated in, for example, the attaching of different levels (or amounts) of ability and competence to boys and girls.
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Plate 3

I have already pointed out above that boys and animals are selected as teachers rather than girls. Where females appear in the text they are used to generate mathematical tasks which boys solve, the solutions of which are held up as solution procedures for all students to learn: Plate 4 shows two such instances. Under the topic heading “Dividing large numbers” we see the shopkeeper posing a question to a group of boys, much as a teacher would in a classroom. It is a male student rather than the shopkeeper who provides the exemplary solution. Similarly, under the heading “More multiplication” we see Alison baking a cake. It seems that since Alison is a school student (the boys refer to her by first name), she is unable even to present the task herself. Her activity is mathematised by a male character who then goes to present a solution procedure.

Males��Females���Andrew�1�Aarons, Mrs�1��David�2�Alison�1��Fibonacci�4�Ann�1��Jabu�9�Cindy�3��Jack�3�Joan�1��Jacobs, Mr�1�Joyce�1��Joe�7�Mandla, Mrs�1��John�18�Martha�1��Jomo�1�Mary�2��Mandla, Mr�3�Melanie�1��Maphophe, Mr�1�Parboo, Mrs�1��Michael�1�Penelope�1��Pascal�1�Peters, Mrs�1��Paul�1�Shongwe, Mrs�1��Peter�9�Sue�1��Peters, Mr�1�Susan�15��Petrus�1�Thandi�3��Sengali�2�Thembi�10��Shongwe, Mr�2����Simon�1����Sipho�3����Solomon�1����Thabo�1����Tom�3����Yogesh�1����Total�78�Total�46���62,9%��37,1%��Table 4 Understanding Mathematics 5: References to males and female by name

Under the topic “Using percentage to compare quantities” (not shown) we see Cindy stating that she scored 17 out of 20 on a mathematics test and 21 out of 25 on a history test. This is all that Cindy does. The scores are converted to percentages for her and displayed. Cindy concludes that she did better at mathematics than history. The fact that Cindy scores 85% on a mathematics test still does not enable her to do the calculations! It is not that she lacks the ability to do the calculation, but rather that it is unacceptable, within Understanding Mathematics 5, to have her teach mathematics.
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Plate 4

Females are also never shown doing mathematics. When they are shown alongside calculations they are involved in non-mathematical activity: weighing themselves, baking cakes, selling sweets, buying sweets, window shopping and reporting on test scores. Boys are involved in mathematical activity most of the time. They are shown doing things like, for example, comparing the efficiency of various multiplication procedures and gazing out on the world and mathematising everything in sight.

Through its exploitation of the strategies highlighted above, the text is implicated in the production of a mythical system which produces male readers as more competent and able mathematicians than female readers: the text does not merely signify that all students are competent autodidacts but, crucially, selects them along gender lines from the pool of readers.

I will now focus briefly on the use of Type 2 icons.

The ironising of the text

Plate 5 shows a sample of typical Type 2 icons. Most of the exercises in Understanding Mathematics 5 are accompanied by cartoon figures involved in some form of physical exercise or recreation. The activities presented are never mathematical, but are instead a juxtaposition of mathematical exercises and physical exercise to produce a series of puns. The result is an ironic comment on the students’ apparent interest in mathematics. Through the Type 2 icons the movement in the text around the exercises is away from mathematics and towards the recreational. The myth of (male) students being always already competent student-pedagogues and autodidacts undoes itself and all is restored to normal; teachers need not worry.

Gender associations with the exercises is largely limited to the masculine. One finds that only one Type 2 icon includes a female on page 115 of Taylor & Myburgh. As with Type 1 icons, males and animals enjoy far more visibility than females in Type 2 icons (see Table 5).

Male�Female�Animal��33�1�6��82,5%�2,5%�15%��Table 5 Understanding Mathematics 5: Fun associations with mathematical tasks (exercises/problems)

Conclusion

One finds, then, in Understanding Mathematics 5, despite the use of cartoon figures that exhibit on first reading an apparent gender neutrality, that various textual strategies are employed to distribute mathematical ability differentially to male and female readers. The dominant textual learner which emerges from this reading of the text is a male autodidact. Where the feminine does appear it is almost always subordinated to the masculine and is used as a resource to facilitate male mathematising of the social: the dominant voice of school mathematics is masculine and its subordinate voice is female. The text, through the puns it constructs around the sets of exercises (Type 2 icons), might well deconstruct its construction of the mythical ideal masculine learner.



�

Plate 5

This analysis of Understanding Mathematics 5 should not be read as implying that the authors deliberately set out the write a gender bias into the text. The fact is that the social already has gender differentiation and bias structured into it. This structuring of the social facilitates both the production of texts like Understanding Mathematics 5 as well various readings of the text, uncritical as well as critical. The difference between the two readings is that the former reads convention as nature while the latter insists that nature is constructed by convention.
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CAN YOU IDENTIFY THE SOURCE OF THIS TEXT

*  In calculus courses it is taken for granted that students cannot read the text. At most, they can read the "solved problems" at the end of each section. Even these are treated not as material to be read and understood, but behavior patterns to be imitated: given a problem of certain type, what does one do? Students' reactions have convinced me that for them the ostensibly declarative sentences in calculus are construed, not as declarations, calling for assent, but as imperatives, calling for obedience. For example, the declarative sentence: "If f( x) = x3 for each x, then f’(x)=3x2 for each x" is construed as the imperative: "In a differentiation problem, if f(x) = x3 is given, then you must write f’(x) = 3x2." I believe that for nearly all students, elementary calculus is not a body of knowledge at all; it is a repertory of imitative behavior patterns so that the question of truth hardly arises.

My Exeter colleague David Hobbs passed me this intriguing bit of text some years ago asking me if I recognised it, but I’ve never been able to identify the source. Any ideas? (Paul Ernest)
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MATHEMATICAL ACTIVITY AND RHETORIC: A SEMIOTIC ANALYSIS OF AN EPISODE OF MATHEMATICAL ACTIVITY

Paul Ernest

During most of their mathematics learning career from 5 to 16 years and beyond, learners work on textual or symbolically presented tasks. They carry these out, in the main, by writing a sequence of texts (including figures, literal and symbolic inscriptions, etc.), ultimately arriving, if successful, at a terminal text 'the answer'. Sometimes this sequence consists of the elaboration of a single piece of text (e.g. the carrying out of 3 digit column addition). Sometimes it involves a sequence of distinct inscriptions (e.g. the addition of two fraction names with distinct denominators, such as 1/3 + 2/7 = 1x7/3x7 + 2x3/7x3 = 7/21 + 6/21 = 13/21); or it may combine both activities, as in the example below.  

A rough estimate of the magnitude such activity is as follows. A child's compulsory (state) schooling in Britain extends for something over 2000 days. Suppose a typical child attempts a mean of between 5 and 100 mathematical tasks per day (an estimate that is quite plausible). Then a typical British school child will attempt between 10,000 and 200,000 mathematical activities in their statutory school career. The sheer repetitive nature of this activity is under-accommodated in many current accounts of mathematics learning, where the emphasis is more often on the construction of meaning. (Notable exceptions include Christiansen et al., 1985, and Mellin-Olsen, 1987.)

In analysing mathematical activity it must be recognised that the classroom is a complex, organised social form of life which includes the following: 

(a) persons, interpersonal relationships, patterns of authority, pupil-teacher roles, modes of interaction, etc.

(b) material resources, including writing media, calculators, microcomputers, texts representing school mathematical knowledge, furniture, an institutionalized location and routinized times.

(c) the language and register of school mathematics (and its social regulation), including:

      1. the content of school mathematics; the symbols, concepts, conventions, definitions, symbolic procedures, and linguistic presentations of mathematical knowledge;

      2. modes of communication: written, iconic and oral modes, modes of representation and rhetorical forms, including rhetorical styles for written and spoken mathematics.

      Thus, for example, teacher-pupil dialogue (typically asymmetric in classroom forms) takes place at two levels: spoken and written. In written 'dialogue' pupils submit texts (written work on set tasks) to the teacher, who responds in a stylized way to its content and form (ticks and crosses, marks awarded represented as fractions, crossings out, brief written comments, etc.)

TASKS 

Tasks concerning the transformation of mathematical signs are central to this account. Typically a task is a text presented by someone in authority (the teacher), specifying a starting point, intended to elicit a frame (a task in a sequence may assume a frame is in use), and indicating a goal state: where the transformation of signs is meant to lead.  The theorization of tasks draws on Activity Theory and semiotic analyses of mathematics (e.g. Rotman, 1988), as well as cognitive science approaches. Mathematics education sources include Christiansen et al. (1985), Mellin-Olsen (1987),  Davis (1986), Skemp (1982), Ernest (1987a, b).  From a semiotic perspective, a completed mathematical task is a sequential transformation of, say, n signs ('Sk') inscribed by the learner, implicitly derived by n-1 transformations ('�SYMBOL 240 \f "Wingdings"�'). This can be shown as the sequence: S1  �SYMBOL 240 \f "Wingdings"� S2 �SYMBOL 240 \f "Wingdings"� S3 �SYMBOL 240 \f "Wingdings"�...�SYMBOL 240 \f "Wingdings"� Sn.  S1 is a representation of the task as initially construed (the text as originally given, curtailed, or some other mode of representation, such as a figure). Sn is representation of the final symbolic state, intended to satisfy the goal requirements as interpreted by the learner. The rhetorical requirements of the social context determine which sign representations (Sk) and which steps (Sk �SYMBOL 240 \f "Wingdings"� Sk+1, for k < n) are acceptable. Indeed, the rhetorical mode of representation of these transformations, with the final goal representation (Sn), is the major focus for negotiation between learner and teacher, both during production and after the completion of the transformational sequence.

      Each step Sk �SYMBOL 240 \f "Wingdings"� Sk+1  is a transformation of signs which can be understood on two levels. Drawing on Saussure's analysis, each sign Sk  (= Sk / Ik ) is a pair made up of a signifier  Sk ('S' for symbol) and a signified  Ik ('I' for interpretation or image). So the completed task can be analyzed as in the example shown as Figure 1.

Figure 1:  A completed mathematical task as a semiotic transformation 



Level of Signifiers:    S1 �SYMBOL 174 \f "Symbol"�  S2 �SYMBOL 174 \f "Symbol"�  S3 �SYMBOL 174 \f "Symbol"�  S4       S5 �SYMBOL 174 \f "Symbol"�  S6 �SYMBOL 174 \f "Symbol"�  S7 �SYMBOL 174 \f "Symbol"�  S8 �SYMBOL 174 \f "Symbol"�  S9

                                 �SYMBOL 189 \f "Symbol"�        �SYMBOL 189 \f "Symbol"�        �SYMBOL 189 \f "Symbol"�         �SYMBOL 189 \f "Symbol"�        �SYMBOL 189 \f "Symbol"�        �SYMBOL 189 \f "Symbol"�         �SYMBOL 189 \f "Symbol"�        �SYMBOL 189 \f "Symbol"�        �SYMBOL 189 \f "Symbol"�

Level of Signifieds:    I1        I2       I3        I4  �SYMBOL 222 \f "Symbol"�  I5  �SYMBOL 222 \f "Symbol"�  I6        I7        I8       I9

                                                              

Figure 1 is a schematic representation of the sign transformations in the sample task discussed below. It shows a linear sequence of signifiers with most derived from their predecessor by a symbolic transformation (denoted '�SYMBOL 174 \f "Symbol"�'); it shows each signifier connected vertically to its corresponding signified; it shows a linear sequence of signifieds, two of which are derived from predecessors by a transformation of interpretations (denoted '�SYMBOL 222 \f "Symbol"�'). It parallels Davis' (1986) 'Visually Moderated Sequence', involving symbols and meanings in a goal directed sequence.

To clarify the role of such analyses it should be noted that, first, Figure 1 illustrates that transformations take place on one of the two levels, or both together. Second, signifieds vary with interpreter and context, and are far from unique. The level of signifieds is a private 'math-world' constructed individually, although in a degenerate activity it may be minimal, corresponding to Skemp and Mellin-Olsen's notion of 'instrumental understanding'. Third, signifiers are represented publicly, but to signify for the learner (or teacher), s/he must relate to them (they have to be attended to, perceived, and construed as symbols). Fourth, Figure 1 shows only the structure of a successfully completed task, represented linearly as a text. It does not show the complex process of its genesis. Finally, the levels of signifier and signified are relative; they are all the time in mutual interaction, shifting, reconstructing themselves. What constitutes a sign itself varies: any teacher-set task is itself a sign, with the text as signifier, and its goal (and possibly frame) as signified. 

A Case Study

The theory is used to analyze a routine mathematical task carried out by a 14½ year old female 'Nora'. During the Autumn Term, Nora attended a state high school (although absent on a significant number of days). In mathematics class Nora worked from a set mathematical textbook (Cox and Bell, 1986) on a number of topics including trigonometry (first tangent ratios, later sine and cosine ratios). An analysis of Nora's exercise book shows notes taken from two sessions of exposition, including 3 worked examples on Sine & Cosine and the 'tools' indicated below. Based on what is recorded in her exercise book, during the month or so in which Nora was studying trigonometry (and other mathematical topics) she carried out at least 62 trigonometric tasks (26 Tan and 36 Sin & Cos). Almost all were routine but of increasing complexity; a few were non-routine problem tasks. She had feedback via teacher marking on  22 Tan and 15 Sin & Cos tasks, and was marked correct on all but one Tan task. Her exercise book reveals 2 locations where conceptual and symbolic tools for trigonometry were recorded/developed; notes of a lesson of 17 November, and 4 pages of undated rough notes at the rear of the book. The tools involved were: definitions of trigonometric ratios, 2 mnemonics to assist memorization; review of Pythagoras' rule; relabelling of triangle sides 'O', 'A', and 'H' according to a newly designated angle, inverse ratios, calculator use, cross-multiplying to solve e.g. Tan P = O/A for A, and similarity of triangles and ratio.

THE RESEARCH TASK 

The research interview took place out of school on 17 December, based on a routine tangent task from the school text. Nora had available her pencil case, calculator, text and exercise book. She was asked to work on plain paper, to think aloud, and was tape recorded.

THE TASK (Cox and Bell, 1986: 58)

4      Sketch each of the following triangles PQR,  with  �SYMBOL 208 \f "Symbol"� R = 90°, then calculate both �SYMBOL 208 \f "Symbol"� P and  �SYMBOL 208 \f "Symbol"� Q, correct to the nearest 0.1°.

(a) PR = 7.6m; RQ = 5m         (b)  ...

Figure 2:  The first part of Nora's solution to the experimental task  (Q only)

(Figure omitted)

ANALYSIS OF THE WRITTEN SOLUTION 

Nora's answer can be analyzed as a sequence of written signs: S1 �SYMBOL 240 \f "Wingdings"� S2 �SYMBOL 240 \f "Wingdings"� ... �SYMBOL 240 \f "Wingdings"� S9, as follows.

S1:   Figure with labelled vertices

S2:   Figure with lengths of 2 shorter sides marked

S3:   Figure with interior angles P & Q marked

S4:   Figure with sides labelled 'O', 'A' & 'H'

S5:   'Tan = 7.6/5'

S6:   '= 1.52' added

S7:   [New line] '56.7°'

S8:   '= Q' added

S9:   '(56.65929265)' added

This is a transformational sequence of signs, which can be analyzed as follows. 

S1 �SYMBOL 240 \f "Wingdings"� S2 �SYMBOL 240 \f "Wingdings"� S3 �SYMBOL 240 \f "Wingdings"� S4 are transformations of the triangle diagram through additions; stages in the elaboration of the iconic plus symbolic representation. The figure is required by the question (presumably for methodological reasons). It enables Nora to cue and build up a simple math-world of triangles and their properties, and construct a representation of the problem situation within it. (The elaboration of a single drawn figure contrasts with the typical justificatory rhetoric of written school mathematics, where repetition of symbols is often required. The rhetoric of diagrams requires the maximum of 'relevant' information be displayed.)  

S4 �SYMBOL 240 \f "Wingdings"� S5 is a shift from figure to written text, indicating the choice of the tangent function to express the required angle in terms of the ratio of known lengths. (Having constructed a task-supporting representation S4, both as an iconic symbol S4 and as a mental image I4, Nora is thus able to retrieve appropriate conceptual tools, and then to represent the linguistic signs that lead via transformations towards the completion of the task.)  

S5 �SYMBOL 240 \f "Wingdings"� S6 is the computation 7.6/5 by calculator, at the level of signifiers, with the answer transformed at the level of signifieds (corrected to 1 decimal place; intermediate answer omitted until S9) and recorded. This is the only dual-level transformation shown in Fig. 1  

S6 �SYMBOL 240 \f "Wingdings"� S7 represents the application of  the calculator 'inverse tan' function to S6. (The actual process involved first applying the tan function, and then rejecting it.) The recording of S7 represents the completion of the main task-goal (the derivation of the answer), but does not yet satisfy the rhetorical requirements of classroom written mathematical language. Thus S7  �SYMBOL 240 \f "Wingdings"� S8 is the addition of a label ('Q') to the previous answer (labelling answers is a widespread rhetorical demand). Finally, S8 �SYMBOL 240 \f "Wingdings"� S9 is the addition of the omitted earlier answer, to show what was actually derived with the calculator, thus completing a perceived gap in the account. (This satisfies Nora's construal of the rhetoric of mathematics as accurately and completely describing the transformational sequence; whereas the out-of-sequence inclusion of S9 does not correspond to the usual rhetorical demands of school mathematics.) The signs S5 to S9 represent the justificatory rhetorical account of the transformation, recorded after the event. 

The final written text (Omitted figure) is in abbreviated form. Earlier work of Nora (school and homework recorded in her exercise book) utilizes a rhetorical form  as follows, e.g.: Tan Q = O/A, Tan Q = 7.6/5, Tan Q = 1.52, SHIFT TAN = 56.7° = Q, etc. In Figure 2, the initial definition, the argument of 'Tan', the symbolization of calculator use, etc. are omitted. 

Figure 1 shows the sign transformations analyzed into signifiers and signifieds. Most transformations take place on the signifier level of , but in every case these transformations are supported by meaningful interpretations and meaning-relations between them in the math-world.

INTERVIEW PROTOCOL

I: You're going to do number 4a, page 58.

N: [timidly] Read the question?

I: It's over to you, I want you to do all of it yourself.

N: I can't get any help from you?

I: Yes, you can, you can ask me for help, you know, if you need it1.

N: [Rapidly speaking over the interviewer's last word] I've got to draw it first...PQR, with R angle 90. P, Q, R, [draws triangle] Just doing the triangle...its not to scale. P and Q,..[pause].. oh...alright.2

I: Alright what?

N: Oh, are you, it just said, I read the first bit and it said sketch each of the following triangles PQR with angle R 90 degrees and calculate P and, um, Q, but I didn't know how long they were, but its (a) and that3. P to R, its 7.6 metres and R to Q its 5 metres [writes in side lengths]

I: Speak out loud, what are you thinking about?

N: I'm thinking about how to do it, hold on...[marks angles P & Q] I know they add up to 90 degrees together.4 Do I, do I use sine?...tan isn't it? No its not, look see, opposite, hang on, where's the angle I want? I shall want this angle here, if I want Q angle, then it's opposite, which is P to R,5 I've got that one. Is that opposite over adjacent? so it's O A. Tan I need, opposite divided by the adjacent, that'd be 7.6 divided by 5 metres [uses calculator] that is ... 1.52. Now I press tan [uses calculator]. That's wrong. Maybe it's inverse tan. Tan. [uses calculator] That looks more like it. Is that right?6 How many significant figures?

I: Did the question say?

N: no,...tenth of a degree. That's Q. 56.7. Hang on, I'm going to write out the whole thing. [writes out working]7 Now I must do P, P angle.

INTERPRETATION OF SIGNIFICANT FEATURES OF THE DIALOGUE

Some of the key features of this dialogue interpreted from the point of view of the present analysis of mathematical activity are as follows (much more could be said):.

      1. In the preceding three lines Nora is looking for clues to the nature of the roles/positionings for her and the interviewer, and implicitly acknowledging the dominance of latter. (Is it teacher-learner or tester-examinee?) The context is an unusual out-of-school interview with someone who is not the teacher; and thus pertains to some but not all features of the social context of school mathematics, the source of uncertainty. By the end of this mini-exchange, Nora knows she must do as much as she can unaided, before seeking help.

      2. Here Nora has internalized the task (and is subserving herself to the textual commands in the task), is beginning to make the initial symbolic representation (sketch). Finally, Nora has cued a frame to carry out the transformation in.

      3. When asked to explain "oh.. alright" Nora firsts searches for a way to begin her account, and then constructs a rhetorical sequence to explain to the interviewer what has just taken place in her thought. Normally (in a school presented task) this rhetoric would not be required, unless interrogated by another person - peer or teacher. It ends with the phrase '(a) and that', referring to part (a) following the stem of Q. [Verified afterwards.] 

      4. At this point Nora has just employed a conceptual tool/item of knowledge, concerning the angle sum of the two smaller angles in a right angled triangle. It is irrelevant here. It suggests that Nora's frame is a math-world based on triangles and their properties, including (but extending beyond) trigonometric properties.

      5. At this point Nora has tentatively chosen the 'Tan' function and managed to ignore (or mentally exchange) the labels 'O', 'A' in the figure to construct the correct ratio  7.6/5 for Tan Q.

      6.  The whole preceding monologue reflects the uncertainties and doubts, the feints and moves considered and carried out in the math-world, but also involving semiotic representations and tools in the physical world (i.e. keying in the calculations into the calculator). It represents the key thought experiment underpinning the solution and symbolic transformations of the task. Interestingly, it involves self-directed questions, as Nora voices queries and then answers them, regulating her activity meta-cognitively.

	   7. This represents another shift into rhetorical mode; the representation of the symbolic transformations, after the event, in an acceptable way as required by the teacher in the normal discursive practice of schooling (as construed by Nora). This is followed by a switch of attention to the other part of the question (P) [omitted here].

      This analysis reveals some of the multi-levelled complexity involved in a learner carrying out a semi-routine mathematical activity. This included the construction of a math-world, one or more thought experiments or 'journeys' in it, a monological self-commentary on a 'journey', a rhetorical description of thought processes for the interviewer, and he construction of a text addressing the rhetorical demands of written mathematics in Nora's social (school) context. Tools developed by researchers in problem-solving and representation theory in mathematics education could take aspects of this analysis further.
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�ISSUES RAISED BY A SAUSSURIAN ANALYSIS OF CLASSROOM ACTIVITY

Simon Goodchild

University College of St Mark and St John,  Plymouth UK.

In my analysis of year ten students activity, following Ernest (1993), I apply a Saussurian model as one tool for interpretation.

Skemp (1982) discusses two modes working mathematically, surface level/syntactic and deep level/semantic.  Mathematics is presented and communicated with symbols and words; the symbol systems, in particular, have been invented to model the underlying meanings.  Skemp argues that it is possible to operate at the level of the symbols, on the syntax of the subject without entering the meanings of those symbols.  Syntactic understanding is, therefore, more accessible because the syntax of the mathematics is realised in the process of communication, it lies on the ‘surface’ of the information as mathematics is communicated.  However, Skemp notes that it is necessary for the learner to actively explore the deeper level, semantic meanings.  The value of mathematics lies in the way it is able to model the world and although syntactic operations are accessible, simple and routine the aim of mathematics education is to develop understanding at the deeper level so that the generality of mathematical models may be appreciated.

In an account of mathematical activity as a sequence of semiotic transformations Ernest (1993) reveals that it is not possible to simply partition syntactic and semantic modes of working mathematically in the clear cut way that Skemp appears to suggest.  Ernest argues that a mathematical task consists of transformations of signs which exist in the form of signifiers or symbols and on meanings, that is interpretations or images of the signified.  

Each step Sk �SYMBOL 240 \f "Wingdings"� Sk+1 is a transformation of signs which can be understood on two levels.  Drawing on Saussure’s analysis, each sign Sk (=Sk/Ik) is a pair made up of a signifier Sk (‘S’ for symbol) and a signified Ik (‘I’ for interpretation or image).  So the completed task can be analyzed as in the example shown (below)

A completed mathematical task as a semiotic transformation

Level of Signifiers:	S1 (	S2 (	S3 (	S4	S5 (	S6 (	S7 (	S8 (	S9

	 |	 |	 |	 |	 |	 |	 |	 |	 |

Level of Signifieds:	I1	I2	I3	I4 (	I5 (	I6	I7	I8	I9

(Ernest, 1993: 240)

In the above figure each ‘S’ represents a signifier, this might be an algebraic expression, an equation or other representation, each successive ‘S’ arises out of the previous ‘S’.  Each ‘S’ is vertically linked to its realisation in the subject’s conception, whereas the ‘S’s are public, observable and common the ‘I’s will be the result of each subject’s own interpretation and there is no guarantee that the interpretation will be the same from subject to subject.  Progress through a mathematical task will take the form of steps along this chain representing transformations of signs, as shown in the diagram above, some steps occur at the level of the signifiers, and the interpretations are ‘carried’ so to speak, at other times the transformations take place at the level of interpretations and the signifiers are carried.

Ernest writes:

transformations take place on one of the two levels (signifier and signified), or both together.    … the levels of signifier and signified are relative; they are all the time in mutual interaction, shifting, reconstructing themselves.  

(Ernest, 1993: 241)

If as Skemp observes the activity progresses with little attempt to develop a semantic understanding then the activity exists mostly at the level of the signifiers, in which case students might be following ‘rules without reason’ which is characteristic of instrumental activity as described by Skemp (1976).

Methodology

My analysis is based upon data gathered over the course of one school year in which I joined nearly every mathematics lesson of a year ten class.  My time with the class was spent observing the activity of teacher and students; recording all the teacher’s remarks to the whole class; recording some of the teacher’s interventions with individual students; observing students at work and, principally, engaging students in unstructured conversations based on my observations of their activity in the tasks set by their teacher.  (The research is reported in detail in Goodchild (1997)).

Interpretation

My subsequent interpretation of the large amount of data collected revealed very little evidence of mathematical activity as semiotic transformations in the manner described by Ernest.  For the most part students appeared to work either at the level of signifiers or at the level of signifieds.  Work at the level of signifiers would be described in Skemp’s terms as surface level or syntactic, that is following the rules of operating on symbols.  Alternatively if working at the level of signifieds then students would appear to be operating, mentally, on some iconic representation.  There very little evidence of crossing between levels, either to make sense of transformations of signifiers or to facilitate complex tasks on the signifieds.

One of the rare occasions in which a student does appear to bring the two levels together is provided by a student Oscar who is surprised by the result of a calculation.  In the following extract Oscar has worked out the circumference and area of a circle, diameter 4 cm, and he notices the answers are the same, he expects them to be different and this causes him to reflect.  The conversation is initiated by me noting my observation which I interpret as surprise:

I	Did something surprise you there?

Oscar	Yeah, they’re both the same, that and the circumference is the same as the area

I	So do you think that’s right?

Oscar	It must be because all the formulas all right

(55/940428 t.u. 50-53)

The two answers at first surprise him, which causes him to review his working and convince himself that they are correct because ‘all the formulas (are) all right’.  Later in this conversation he is able to explain why in this case the answers are the same and reason that it will not happen in any other case than circles with radius two.  In this episode Oscar appears to reflect first on the meaning, or signified - the numerical answers for the two dimensions are the same and this surprises him.  His response is to check his working, that is at the level of signifiers and verify that he has not made any errors.  Later in answer to my directed questions he is able to offer an explanation why the symbolic process provides the particular answers in this unique case.  In this respect I believe Oscar reveals his versatility in moving between signifier and signified and I conjecture that he is conscious of a deep level, semantic conception.

However, I want to conjecture that for many students mathematical tasks are not experienced as semiotic transformations as described by Ernest.  Firstly I want to conjecture that the signifiers or symbols are not perceived as signifying something but take on a concrete reality of their own, that is they are perceived by the student as signifieds.  When a student works, as Skemp would describe ‘syntactically’ she is working on the objects of mathematical activity which do not necessarily have any deeper meaning.  Secondly I want to conjecture that students expect mathematics to consist of working out coded sequences which do not necessarily have any meaning.

The following brief extracts from conversations with Gary are offered to support these conjectures:

I	Does that make sense to you? 

Gary	Yes,  somewhat,  I’m just getting it from the book of .. I don’t know . . .

I	OK

Gary	It’s the same as we did that

I	Right, so can you try to explain to me so that I can understand what you’ve done there as you understand it?

Gary	. . . Um, no I can’t, I don’t know how you do that I just did it,  I’m just on the same lines as I did this here, that’s what I’m doing

(06/931118 t.u. 17-22)

Seven months later …

I	What makes a good explanation for you?

Gary	If it’s put into simple terms, it’s sort of split up into little parts, and it sort of like gives you a code to follow like that.

(67/940614 archived data t.u. 1512, 1513)

It may be asked, if the signifiers of mathematical activity become the signifieds then what, in the Saussurian analysis takes the place of the signifiers?  I think the answer to this question might be found in the above extracts of conversations with Gary, the signifiers are what we otherwise refer to as indexicals (pronouns such as ‘it’ and ‘that’).

The central issue of concern to me is that we need to address the expectations of students and their awareness of what constitutes mathematical activity.  If students expect a good teacher to make things easy for them and provide good explanations then there is a pressure upon teachers to fit into Gary’s requirements, to put it ‘into simple terms, split it up into little parts, give a code to follow’.  Further, if students are not aware of the relationship between signifier and signified in mathematics and accept the signifier as a mathematical object devoid of meaning then they are unlikely to engage in both levels of the transformation of signs and thus they will not experience proper mathematical activity.
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LACAN

Tansy Hardy

Report on presentation to BSRLM Semiotics working group, March 1 1997

I reported on my search for accounts for phenomena identified in my researches in maths education, and how I have used Jacques Lacan's 'Graph of meaning' (Zizek 1989) as a tool to develop such accounts. A Lacanian, post structuralist account gives primacy to the production of meaning and so enables me to develop an account for how we as teachers work on signifiers that surround us in maths education to create meaning of our practices.

I used Lacan's framework, which views signs in relation to one another, focusing on a chain of signifiers and considers how we move within a chain of signifiers, to look at how I ( the meaning maker ) see myself in relation to these signs; how I position myself in relation to this order. This chain of signifiers becomes ordered through the intervention of a certain nodal point which `quilts' them, stopping them sliding and fixing their meaning. In Lacan's graph, this nodal point, the master signifier ( here O ) gives meaning to some other signifier. Its meaning is a function of O - s(O). 

[Image]

To illustrate - in the symbolic order of Communism this master signifier determines the sense I make of, say, the signifier 'Freedom'. Putting `class struggle' in the nodal position O, it orientates the meaning of other elements of the chain, such as `democracy' ( `real' democracy as opposed to `bourgeois formal democracy' ) or `feminism' ( the exploitation of women as resulting from the class-conditioned division of labour ) giving them meaning ( s(O) ) in relation to itself.

The same process can be seen if 'Thatcherism' is placed at this nodal position and the signifier `freedom' is viewed through it. The sense of `freedom of choice' generated as epitomised by parental choice of schools for their children and citizens' charters is very different from the meaning attributed to `freedom' through other symbolic orders.

I have a similar account from an educational context of how the meaning of `broad and balanced' when viewed through `Thatcherism' is fixed within that symbolic order; how its position in early National Curriculum documentation was never open for interpretation with meaning being fixed by the discourse of that moment, the discursive practice of which it was part.

I considered how the process of identification of myself in relation to any symbolic order can account for teachers' sense of limitation of their practice and control from elsewhere. In the graph of meaning above I view the master signifier O and myself in relation to it. I produce meaning for the hollow symbols through O which pins their meaning down. This happens retroactively. This gives me a sense of `so that's what it all means !' I then identify myself in relation to this master signifier ( producing I(O) ). Do I belong to the symbolic order formed ? Am I inside or outside ? If the symbolic order was that of Mathematics by viewing some key element of mathematics I will identify myself in relation to this order - either I see myself as a `mathematician' or 'not mathematician.

Similarly I gave an example of viewing through the master signifier `child-centred learning' to give meaning to my classroom interactions. If I recognise these meanings I would identify myself and my teaching as `child- centred'. If I do, however, this would also fix the meaning of other elements on the chain, other aspects of my classroom practice, tying me in to the symbolic order, a sense of compulsion, of limiting the interpretations I can make of other interactions and my classroom practice would be, to some degree, reduced to consideration of the elements in that field. So there is a sense in which I am not free to determine all meanings. If I subscribe to one I am tied into others by the quilting process - the order, the ideological field.

Drawing on the observation that teachers with very diverse forms of practice may use the same signifier to describe their teaching. I gave similar accounts for teachers' identification of their practice as 'practical' or their teaching and assessment of Ma1 at GCSE as 'integral'. The way they created meaning for the signifier 'practical work' or 'integral' is determined by the master signifier ( and the field and chain of signifiers they work within ). This works like a form of selective hearing and seeing - considering only certain aspects of children's mathematical activity, acknowledging only particular characteristics of their work, being aware of only certain aspects of one's teaching interactions, hearing only certain words from within documentation. This selective viewing can influence, or more strongly, determine one's interpretation of events and lead to radically different assessments. 
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�
MAKING SENSE OF MATHEMATICAL MEANING-MAKING:�THE POETIC FUNCTION OF LANGUAGE

Margaret James, Phillip Kent and Richard Noss

University of London

ABSTRACT. In trying to make sense of mathematical meaning-making, sections of the mathematics education community have increasingly turned to linguistics as a basis for theorising mathematical discourse. In this paper, we critique the standard interpretation of (JakobsonÕs) structural linguistic theory which has been used by mathematics educators. From the theoretical perspective we outline, based on the work of Jakobson and Barthes, we re-interpret some examples of mathematical meaning-making.

Introduction

Recent attempts to make sense of mathematical meaning-making have drawn freely on the ideas of metaphor and metonymy. Broadly, there are two main strands of research: one drawing its theoretical basis from the work of Lakoff and Johnson (1980) on conceptual metaphors and metonymies (e.g. Lakoff and Nœ–ez 1996, Sfard 1994), and the other from the work of the linguist Jakobson (1956, 1960) on metaphoric and metonymic relations in ‘texts’ (e.g. Pimm 1990, Walkerdine 1988). Here, we concern ourselves with the latter strand of research and critique the ‘standard’ interpretation of JakobsonÕs linguistic theory, in particular the interpretation of ÔmetaphorÕ and ÔmetonymyÕ which considers the two as dichotomous.

In the standard interpretation, metonymical relations operate within a discourse (intra-domain) while metaphorical relations refer to things outside it (inter-domain). Although this interpretation adequately allows meaning to be thought of as developed through the interplay of metaphoric and metonymic relations, it is a partial interpretation of Jakobson. Two crucial features are missing: (1) how the relations may operate at any level in a text, not just at the high level of inter- and intra-domain relations; (2) how the relations exist in a dialectic, informing each other as well as informing together.

We mention here a few theoretical constructs whose meanings we will elaborate in the paper. In (mathematical) texts there are multiple systems of signification whose pairwise dependencies we analyse in terms of denotation and connotation. However, these multiple systems are not a property of the text itself, but of the text and the reader. Thus we look at how a reader (learner) may come to build a connoted reading out of the signs of the text. We suggest that a key mechanism for this is the poetic function; and the key to the poetic function is the dialectic of metaphoric and metonymic relations.

Denotation and connotation

Language can signify something other than Ôwhat it saysÕ. For example, if you are presented with a poem, it does not say anywhere in the text Ôthis is a poemÕ. Nevertheless, you attend to the layout of the text, perhaps the regularity of metre, perhaps rhyme; the text therefore signifies Ôthis is a poemÕ. This is the traditional understanding of denotation (Ôwhat it saysÕ) and connotation (Ôwhat it does not sayÕ).

Barthes (1967) formulates a general semiotic theory of denotative and connotative systems. In a semiotic system, signifiers and signifieds are united in the act of signification into signs. His definition of denoted and connoted rests on a relation between the two systems, independent of the nature of the signifieds: the signifiers of the connoted system comprise signs, or collections of signs, in the denoted system. Thus he reformulates ÔsayingÕ and Ônot sayingÕ in terms of signifying in different, but related, systems:

I am a pupil in the second form in a French lycŽe. I open my Latin grammar, and I read a sentence, borrowed from Aesop or Phaedrus: quia ego nominor leo. I stop and think. There is something ambiguous about this statement: on the one hand, the words in it do have a simple meaning: because my name is lion. And on the other hand, the sentence is evidently there in order to signify something else to me. Inasmuch as it is addressed to me, a pupil in the second form, it tells me clearly: I am a grammatical example meant to illustrate the rule about the agreement of the predicate (Barthes 1972, pp. 115-6).

The connoted signified (ÔI am a grammatical exampleÕ) has here for its signifier a collection of signs (Ôbecause my name is lionÕ) in the denoted system. Barthes names the Ôcollection of signsÕ the meaning, and the signifier the form (ibid, p. 117). In order to create a meaning within the connoted system (the grammar lesson), the reader has to do two things. First attention must shift away from the meaning deriving from this sentence about a lion and on to the form. Second, the reader must seek the signified of the form.

We will take as a first mathematical example of denotation and connotation the case of some study materials which form part of a common mathematics curriculum in the UK, the School Mathematics Project (11-16). The writing, and computation, of products involving decimals is initially motivated as a representation of repeated addition (SMP 1983a). This becomes problematic when both quantities are non-integer. SMP introduces this latter case in the context of computing costs where the number of items and the cost per unit item are given (SMP 1983b). Before asking the child to work out the cost of 3.7m of gold braid the text says

When you work out the cost of 3m, you do £2.60 x 3�When you work out the cost of 4m, you do £2.60 x 4 	(ibid, p.2).

Students are being asked to return to previous texts and by attending to the form, construct the connoted sign: ‘this is about a multiplicative structure’. A shift in the site of potential meaning is demanded. In this teaching sequence, the implied role of the text has shifted from representing multiplication, to the object of attention itself. The way such a shifting occurs has been theorised by Jakobson.

Jakobson proposes that language has six functions, each set towards a specific element of the act of communication (Jakobson 1960, p. 357). For example, the referential function of language relates to its capacity to refer to some extra-textual reality. A more than trivial text will rarely fulfil just one function though a particular function may be dominant. The shift of role of the text to ‘object of attention’ is a result of the dominance of the poetic function. Before we discuss the poetic function in detail, we need to set out JakobsonÕs theory of metaphoric and metonymic relations. His presentation is characteristically condensed and we have drawn on the elucidations of Lodge (1977) and Hawkes (1977).

Metaphoric and metonymic relations

The workings of metaphoric and metonymic relations are set down by Jakobson in the following terse paragraph:

The development of a discourse may take place along two semantic lines: one topic may lead to another through either their similarity or through their contiguity. The metaphorical way would be more appropriate for the first case and the metonymic for the second, since they find their most condensed expression in metaphor and metonymy respectively. (Jakobson 1956, p. 76).

Here, ÔtopicÕ and ÔdevelopmentÕ are to be understood extremely broadly: Jakobson is proposing that metaphoric and metonymic semantic development can exist at all levels in the text (ibid, p. 77). ÔTopicÕ may be the text, a sentence, a word, a combination of words: any discernible ÔunitÕ. Jakobson uses ÔmetaphoricÕ for a relation at any level which is based on similarity, and ÔmetonymicÕ where the relation is based on contiguity; he reserves ÔmetaphorÕ and ÔmetonymyÕ for the  figures of speech which are the most condensed expressions of such relationships.

A linguistic example of this development ‘along two semantic lines’, which lies at the heart of structuralist linguistics, is the syntagmatic/paradigmatic polarity. In the syntagm (a technical word meaning Ôcombination of signsÕ)

Ôthe   girl   sat   on   the   chairÕ

the meaning of each word is developed as the sentence is carved out (the syntagmatic axis). Thus syntagmatic relations hold between the constituent signs and between the signs and the syntagm, and are therefore relations of contiguity. Further, each wordÕs meaning is affected by its relation to other words that could have been chosen (the paradigmatic axis) but were not. Thus paradigmatic relations are relations of similarity (or dissimilarity, a negation of similarity). Note that paradigmatic and syntagmatic relations hold between signs in the discourse and not between signs and some version of a reality Ôout in the worldÕ. The meaning of a sign is developed both by its reference to some version of reality, and by its value: that is, its paradigmatic and syntagmatic relations to other signs in the discourse. For example, ÔsatÕ draws meaning from its contiguity with Ôon the chairÕ: a particular way of sitting. It also draws meaning (paradigmatically) from not being ÔperchedÕ, ÔloungedÕ, ÔcrouchedÕ, or even ÔspatÕ.

A mathematical illustration. Pimm has written extensively on ÔmetaphorÕ and ÔmetonymyÕ at the inter/intra-domain level. For example, he has said that activities which develop Ôsymbolic fluencyÕ, such as when children chant a times table, are metonymic; because they focus a childÕs attention on the Òmovement Ôalong the chain of signifiersÕÓ (Pimm 1990, p. 135). But this ignores the fact that, on a different level of topics, there are metaphoric relations present, formed by similarities between the lines of a chant—e.g. Ô1 times 2 is 2Õ, Ô2 times 2 is 4Õ, etc.—in the repetition of signs (‘times 2’) and the regularity of metre. It is these metaphoric relations, generating a sense of movement and rhythm, which, at least in part, cause the text to be metonymic at the level of topics considered by Pimm.

The poetic function in language

The poetic function, whose set is towards the message itself, operates via transgressions of the language system: transgressions that make the text ÔstrangeÕ. We shall give one example in some detail: the breaking of the syntagmatic/paradigmatic polarity. As remarked before, this is a fundamental feature of language in structural linguistic terms and hence can be expected to be a particularly fruitful site. As we shall outline, the disruption of the polarity shifts attention to form as signifier and to value as potential signified.

One mode of effecting this transgression is by imposing similarity on the syntagmatic axis, where ordinarily (in referential texts) contiguity is expected— this is the principle constitutive device of poetry according to Jakobson (1960, p.358). Rhyme is perhaps the most obvious kind of ÔstrangeÕ similarity (sounding alike but semantically unlike). In BarthesÕ phrase (1967, p. 87), rhyming Ôcorresponds to a deliberately created tension between the congenial and the dissimilar, to a kind of structural scandal.Õ Jakobson (1960, p. 358) lists other possible strange similarities including, for example, the equalising of word stress with word stress. An alternative mode of breaking the polarity is to impose contiguity on the paradigmatic axis. In the example given by Lodge (1977, p.77), the syntagm ‘ships crossed the sea’ can be transformed into ‘keels crossed the deep’ producing two metonymies. The non-logical deletions, e.g. deleting ‘ships’ instead of ‘keels’ from the notional syntagm ‘the keels of the ships’, render the text strange.

Referential reading becomes interrupted and attention is shifted from the (extra-textual) referent of the sign on to the signs themselves. In poetic texts denoted signs become connoted signifiers. In the case that we have discussed, this occurred through disruption of value and thus value may be brought to the reader’s attention: value becomes a potential site of meaning. The poetic text ceases to be solely a window onto something else, but invites the reader to attend to its own form. But, it does not cease being a ‘window onto’: it depends on the readerÕs focus. Sites of potential meanings are multiplied, not exchanged one in favour of another. In JakobsonÕs words: ÔThe supremacy of poetic function over referential function does not obliterate the reference but makes it ambiguousÕ (Jakobson 1960, p. 371).

Connoted signs that arose out of transgressions, out of breaking the rules of the denoted system, become themselves ÔinstitutionalisedÕ for the reader as he or she develops the connoted system as a site of meaning. In this sense, the new system may become as familiar, and its signifieds as ÔconcreteÕ, as the signifieds of the original denoted system.

Two mathematical examples

Our examples of the SMP text on multiplication, and the chanting of times tables, have already offered two illustrations of the re-interpretation of mathematical texts. Those, and the two further examples here, show the potential of our theoretical ideas for the analysis of mathematical texts. We should emphasise that we are not claiming to be able to offer a semiotic system of mathematical discourse. We are proposing interpretations by analogy with examples within literary theory and linguistics; thus our interpretations can only be pointers towards a more systematic mathematical analysis.

Example 1

Consider the two mathematical texts

Ô2 + 3 =Õ

Ô2 + 3 = 1 + 4Õ

It is well known that often, long after a learner is capable of reacting to a text of the first kind by performing the sum, the second produces bewilderment: the learner finds it ÔwrongÕ or ÔmeaninglessÕ. Several authors (e.g. Kieran 1981) have pointed out two related reasons why children react as they do. Firstly, children interpret the equals sign as meaning Ôdo the sumÕ. That is, they have a procedural interpretation of the equals sign. Even supposing that the childrenÕs interpretation can be shifted to some notion of equivalence, a second reason remains: they may have a procedural interpretation of Ô2 + 3Õ, or any syntagm whose template is Ônumber-operation-numberÕ. In this case, Ô2 + 3Õ will not be seen as the result Ô5Õ but as a sum which, if performed, would give the result Ô5Õ. So, Ô2 + 3Õ cannot be the same as Ô1 + 4Õ: they are different sums. 

In relation to the childÕs system, the interpretation ÒÔ2 + 3Õ and Ô1 + 4Õ both signify 5Ó is a connoted reading. Ô2 + 3Õ, a syntagm (recall, a combination of signs) in the childÕs system, is a form, a signifier in the connoted system. Gray and Tall (1994) have written about the Ôprocess-productÕ ambiguity in mathematical notation, which for them expresses a cognitive Ôprocess-conceptÕ duality, or ÔproceptÕ. They posit that a learnerÕs grasp of this Ônotational ambiguityÕ is central to her success or failure in mathematics. From our perspective, the question is: how might the childÕs entry into the connoted system be facilitated?

One approach may be to tell the child the rules of the connoted system: Ô1 + 4Õ is another name for the number 5. But this ignores that, for the child, Ô1 + 4Õ is not an empty form, it is a syntagm full of meaning. Viewed in this light, the problem is one of denotation/connotation rather than the more general ÔambiguityÕ; and this highlights an asymmetry of the two systems for the learner. We cannot hope to obliterate the childÕs denoted sign, ÔsumsÕ; and there is evidence that the Ôname for a numberÕ approach is not successful (Kieran 1981). The problem is much more difficult: we would need to find ways of building on the childÕs system, so that she can appreciate a poetic reading of the text: Ô2 + 3Õ is equivalent to Ô1 + 4Õ because the result of the sum Ô2 + 3Õ is the same as the result of the sum Ô1 + 4Õ. This reading is a metaphoric relation resting on a metonymy: a sum is like another sum (metaphoric) because their result (metonymy) is the same. Such a reading is not self-evident: the metonymy is non-logical. To comprehend the syntagm as signifier, as formal mathematical discourse would have it, is a matter of enculturation into this discourse. This will not occur through attention to a single text. Enculturation requires that the connoted system be built up by the learner through numerous and diverse activities, with significant attention to poetic readings of texts.

Example 2

Consider the simultaneous equations

� EMBED Equation.2  ���

If the equivalence of these equations is not noticed and a solution is attempted then an ambiguity concerning equality arises which is very different from the ‘process-product’ ambiguity of Example 1: the calculation will end up with something like Ô0 = 0Õ. If attention is focused on this as a syntagm composed of Ô0Õ, Ô=Õ and Ô0Õ then the statement is tautologous. Clearly, it is a transgression of the ÔrulesÕ of the denoted system to supply no information. A student could attempt a poetic reading, focusing on Ô0 = 0Õ as a form: as a signifier in the connoted system. But as signifier, its signified is Ôthe equations are dependentÕ, a far from obvious connection. Perhaps the form is recognised, perhaps the signified is known, but it does not necessarily follow that the sign will be constructed.

Conclusion

In this paper we have briefly outlined a theoretical basis for analysing mathematical meaning-making which calls into question the dichotomous relationship between ‘metaphor’ and ‘metonymy’. The implications are far from esoteric: the theory suggests a need to promote connoted reading of texts by learners, and we are beginning to understand how it may help us to elaborate mathematical meaning-making in terms of webbing—an attempt to explain how a learner struggling with a new mathematical idea can draw on supportive knowledge from a range of sites, rather than simply erecting a hierarchy of abstractions (see Noss and Hoyles, 1996).

We are beginning to make sense of the ways in which carefully-designed computer software can offer learners the means to find more direct entry points into the ‘connoted’ system, by providing a means for expressing meaning in computational action. Conceived in this way, the computer is a rather special kind of tool in which action involves the formal use of language, and where the usual polarities—meaning and precision, informal and formal—do not hold.

We may speculate that there is a link between this work and our current research on mathematics curriculum design for undergraduate science students. To what extent must the structure of mathematics be understood in order for it to be used effectively as a tool in the sciences? What can we say about the changing relationships between mathematical and scientific epistemologies, and the roles of new technologies in mediating these relationships? In the area of ‘service’ mathematics teaching there is a standard dichotomy that concerns the ways in which mathematics may be learnt. It can be characterised as ‘formal’ versus ‘informal’: one either learns the formal mathematics itself and then ‘applies’ it to scientific situations, what we might call a ‘metonymic’ approach (mathematical meaning develops within the discourse), or one simply learns to ‘use’ mathematics informally in science without attempting a ‘formal understanding’ of it, what we might call a ‘metaphoric’ approach (mathematical meaning develops with reference to science). We are questioning this dichotomy—a dichotomy which we speculate is an applied consequence of the metaphoric/metonymic dichotomy with which we began.
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L'expérience quotidienne nous montre que les nombres de un à quatre n'impliquent, quant à leur utilisation, aucun « comptage ». La perception des ensembles de un, deux, trois ou quatre objets est globale : cela se vérifie dès l'accès de l'enfant à la notion de nombre ; c'est d'ailleurs sur le caractère immédiat de la perception de la qualité « nombre » de ces ensembles que va pouvoir se constituer la suite complète de ceux-ci. La discrimination de ces quatre qualités - et leur dissociation - est le premier objet de l'apprentissage mathématique à l'école maternelle. Cet apprentissage constitue les prémices, voire la prémisse, de l'accès à la notion : pourtant elle n'est pas encore formée ; c'est par un jeu de mises en relation que ces « qualités-nombres » vont pouvoir accéder à l'institution du concept. Parmi les relations qu'elles peuvent nouer, deux sont en général privilégiées dans l'enseignement : « même » et « plus grand (ou plus petit) ». Disons immédiatement que ces deux relations ne sont en fait que des appuis à la discrimination et à la dissociation. Certes il semble qu'une sorte de hiérarchie propre aux nombres s'instaure avec le second type de relation ; mais on peut voir qu'il s'agit simplement de l'instauration d'un système dégénéré de qualités, et non d'un véritable « saut » catégoriel. 

La relation la plus « primitive » entre, par exemple, le « deux » et le « un » est : il y a du « un » dans le « deux ». C'est un simple rapport de qualités, immédiatement perceptible. Là où le rapport n'est plus immédiat, c'est dans l'opération de comptage ; cette opération va nécessiter une sorte de « protocole expérimental ». Le passage de l'univers de la qualité à celui où se meut le nombre - l'univers du signe - enveloppe une expérience, à savoir : « la réunion de deux quelque chose à un quelque chose est trois quelque chose ». Bien entendu cette « expérience » ne prend son sens que d'être répétée. Donc, comme répétable, elle revêt un caractère de généralité. L'ensemble de qualité « trois » constitue la relation de celui de qualité « deux » à celui de qualité « un ». Ceci n'est plus réductible, comme l'est la hiérarchie des nombres, au jugement analytique ; la dyade (2,1) ne peut, en quelque sorte, plus être interprétée en elle-même, mais en référence à un troisième : le « trois ». Par là-même le « deux » et le « un » de la dyade, ainsi d'ailleurs que le « trois », ont changé de nature ; ils ont quitté leur apparence qualitative pour se constituer dans un autre univers, distinct de ceux de la qualité et de l'existant, celui de la relation, de la représentation,nous dirons ici, du symbolique. 

Un signe va « matérialiser » cet arrachement à la sphère de la perception immédiate de la qualité (la qualité-nombre) et de l'objet (l'ensemble particulier), c'est le signe « + ». Notons que dans l'expérience envisagée, les trois ensembles sont simultanément présents : il n'en serait pas de même dans une « équation » du type « rouge + jaune = orange ». Dès lors, l'enfant a constitué le nombre comme tel : il lui restera à se familiariser avec l'outil. Quelle que soit la « notation » utilisée, la bataille du nombre est gagnée. Pourtant l'adoption d'un système de numération, s'il a pour condition le processus que nous venons de décrire, n'en est pas moins d'une importance décisive dans la saisie du concept. Le mécanisme acquis va permettre d'élucider le fait que d'autres ensembles que ceux envisagés jusqu'alors sont susceptibles de « recevoir » une qualité numérique, même si celle-ci ne peut plus procéder d'une perception immédiate. Ainsi c'est par itération du procédé opératoire acquis que l'enfant va pouvoir accéder à la suite des premiers nombres entiers : mais ces nouvelles qualités (cinq, six, etc...) sont marquées de l'ordre symbolique où elles se sont créées. En tant que qualités, elles sont des symboles doublement dégénérés : plus précisément leur être de qualité est une conséquence de leur constitution symbolique. Toute acquisition de nouveau nombre se fera par le même mécanisme : l'écriture de ces nombres, leur nom, n'est rien d'autre que la répétition d'un repérage symbolique maintenant bien ancré. 

Pour reprendre la comparaison avec les couleurs, nous pourrions dire qu'il en est de même pour celles-ci. Des noms sont donnés aux différentes couleurs, à leur nuance, pour une saisie de l'expérience plus riche, mieux articulée. Pourtant c'est sous la férule de la loi que les nombres émergent et non par une stratification d'expériences concrètes, ainsi qu'il en va pour les couleurs : leur nom même indique cela, « terre de sienne », « pourpre », etc... 

La « nomination » n'a pourtant que peu de rapports avec la « numération », sinon que celle-ci enveloppe celle-là. Car la numération consiste en l'intégration de la loi de formation des nombres dans un système de signes. Et cela va nécessiter un retour sur la constitution du « + ». Il est bien entendu que la réunion des ensembles, pour aussi fréquemment répétée qu'elle soit, si elle donne la base concrète de l'accès au « + », n'en est pas le tout. C'est par un coup de force - qui constitue la dimension de castration attachée à l'accession au symbolique - que le « + » se constituera. La dimension du symbolique comme tel doit donc être déjà présente chez l'enfant, et c'est sur le modèle de cette première symbolisation que celle-là se fera. Le modèle en question est indubitablement l'accès au « je », première qualité attribuée par l'enfant à lui-même, et dont il va faire un opérateur dans le monde du langage. Avant d'engager notre réflexion sur cette dernière remarque, il nous faut nous pencher sur l'histoire même de la numération ; peut-être y trouverons-nous notre chemin. Cette histoire est longue et complexe ; elle est faite d'avancées et de reculs jusqu'au modèle « achevé » que nous connaissons maintenant. 

Les systèmes les plus « primitifs » arrêtent le développement à l'exposé de la suite des premiers nombres : ceux-ci sont « inscrits » dans différentes parties du corps. Certains types « additifs » n'iront guère plus loin que les tout premiers entiers. Plus développés seront ceux qui posent le caractère itéré de la suite des nombres, les systèmes dits « hybrides » : ils proposent une loi de formation des symboles en analogie avec celle de la formation des nombres. Les systèmes modernes - dits « de position » procèdent d'une relation de nature différente, permettant d'instituer la distinction chiffre/nombre. 

Les systèmes les plus anciens sont sans « base ». Chez les insulaires du détroit de Torrès, qui « comptent » jusqu'à trente-trois, chez les Papous (vingt-deux) et les Elemas de la Nouvelle-Guinée (vingt-trois), le nom n'est pas encore détaché du corps. « Doro » signifie, chez les Papous, les trois doigts médians des deux mains, alors que ceux-ci indiquent deux, trois, quatre, dix-neuf, vingt et vingt-et-un. Le chemin est long qui passera par ce que révèle l'étymologie de « trois » désigné par « doigt du milieu » chez les Bugilai de la Nouvelle-Guinée britannique à « trois » désigné par « composé de un et deux » chez les indiens Lengua du Chaco au Paraguay. Plus archaïque encore est, par exemple, le système où le nombre n'est pas encore dégagé comme qualité indépendante (non dissocié) : aux Fidji, « bola » signifie « cent canots » et « koro », « cent noix de coco », alors que « salavo » indique « mille noix de coco ». On ne peut proprement parler ici de nombre. Par contre, dans les premiers cas cités, il y a pratiquement nombre, car il y a d'une certaine manière saisie de leur succession à l'aide de « + 1 ». Mais « + 1 » n'est pas « + », et en ce sens-là nous pourrions parler ici de notion latente de nombre. Nous vérifions ainsi que sans cette première symbolisation authentique que constitue le « + », le nombre comme tel n'est pas pleinement, manifestement constitué. 

Notons que tous ces rapports complexes du nom et du nombre, du corps et du nom, du corps et du nombre, de l'objet et du nombre, sont autant de « passages obligés » pour l'enfant dans son accession à l'ordre symbolique du nombre. On repère ces passages dans telle ou telle activité, position ou déclaration : il faut les respecter comme éléments de la richesse du substrat sur lequel le concept va s'édifier, et non comme des événements nuisibles à réduire par l'autorité. 

C'est sur la notion de base que va s'affirmer l'accès authentique au nombre. Pourquoi ? Avant de répondre à cette question, il nous faut dégager quelques éléments concernant l'unité. Il semble que d'une part, aucune notion de « un » ne saurait se constituer sans l'accès du sujet à sa propre détermination dans l'univers symbolique, et que d'autre part, le « un » est le produit du « je » en tant que celui-ci a accédé au statut de signe. Il faut ici différencier fortement les formes du « je » dégénérées que sont la désignation de l'enfant par lui-même par « il » ou par son prénom, du pur « je » par lequel il se désigne comme acteur et objet de son discours. C'est par ce « je »-là que l'enfant prend effectivement possession du langage et que, répétant en cela ce qu'a été sa première introduction dans celui-ci comme étranger à lui, il vit dans toute sa plénitude la castration symbolique. Nous avons indiqué par ailleurs que toutes les autres symbolisations enveloppent cet acte-là. C'est donc par la répétition du « je » dans l'appareil signifiant que l'enfant dégage la possibilité du « un ». En quelque sorte « je » suis « je », donc « un » est. 

Or, précisément, l'accès à l'unité conditionne totalement l'abord de la notion de nombre. De l'unité de « groupement » qu'est le « deux », par exemple, à l'unité de loi qu'est le « + », au « un » lui-même dans toutes ses déterminations, l'unité domine l'espace des nombres. On voit par exemple que, faute d'une non-identité des qualités numériques des groupement d'objets, les fidjiens n'ont pas accès à la notion de nombre. Or la « base » est précisément liée à l'unité, donc à l'essence même de celui-ci.On peut considérer que les seuls systèmes de numération authentiques sont ceux qui utilisent cette notion de base, à savoir celle d'un groupement (fini) saisi comme un « un ». L'histoire confirme cela : les systèmes de numération authentiques les plus anciens sont tels que les signes des nombres d'unités ou de groupement d'unités fonctionnent additivement - comme par exemple MCCXII dans le système archaïque des Romains. Les systèmes de numération dits « hybrides », qui combinent l'additivité et la multiplicativité des signes, ne sont guère différents sur le plan qui nous occupe. Un bel exemple de cela nous est donné par la numération parlée : « deux cent trente-trois » n'est autre que « (2 x 100)+30+3 ». 

On voit donc déjà, à partir de ce dernier exemple, qu'aucun effort supplémentaire enveloppant la dimension de castration n'est nécessaire pour arriver au langage numérique parlé dès lors que s'est opéré l'accès à la notion de nombre. Mais ceci se paye d'un prix élevé, celui de la nécessaire création continue de signes. Ces systèmes, additif et hybride, sont obligés de faire appel à de nouveaux symboles à chaque marche de l'échelle des nombres: c'est une grande contrainte non sur le plan pratique, puisqu'après tout ces grands nombres ne sont pas si fréquents dans les calculs concrets, mais sur le plan théorique, celui où un nombre est potentiel, mais doit « recevoir » - potentiellement - un signe afin d'être inséré dans le langage (cf. la question de l'Arénaire d'Archimède : comment compter les grains de sable de notre terre ?). Là où la numération grecque achoppait lamentablement, la numération chinoise traditionnelle relevait le gant avec son système permettant de représenter, avec une économie symbolique relative, les nombres jusqu'à 104096 - 10 suivi de 4 095 zéros ! Le coup d'arrêt à cette « hémorragie symbolique » est donné par l'invention de la numération de position. Notre but n'est pas ici de faire l'analyse historique de l'irruption de ce nouveau système, mais de comprendre à quelle transformation dans le maniement du symbolique il fait appel, de manière à nous permettre de comprendre ce qu'il va mobiliser chez l'enfant. C'est dans la mesure où la numération de position va intégrer la dimension du calcul dans l'ordre symbolique qu'elle va nécessiter un « arrachement » à l'imaginaire du nombre (dont on a déjà vu la dette qu'il avait envers l'ordre symbolique). C'est dans la mesure où la représentation du nombre va être étroitement liée à une opération - l'addition - non plus en tant qu'elle est sous-jacente à la notion même de nombre, mais en tant qu'elle opère concrètement sur celui-ci, que cette symbolisation nécessitera la dimension de la castration. Sa marque en sera la distinction nombre/chiffre, au point que nous pourrions pratiquement dire que c'est avec la numération de position que l'on accède à la notion même de chiffre. Tel signe, « un » par exemple,sera considéré tantôt comme un nombre, tantôt comme un chiffre, suivant la place qu'il occupe dans telle séquence signifiante. 

Or, de même que le « + » - sous quelque forme de signe qu'il apparaisse - était l'indice de la constitution du nombre comme tel dans l'ordre symbolique, c'est ici le « zéro » qui marquera l'accès au chiffre comme tel. C'est un fait largement attesté par l'étymologie même de « chiffre », puisque chacun sait que « sifr » (qui se prononce « chiffre ») signifie « zéro » en arabe (plus exactement « vide », « sifr » dérivant lui-même de « sunya », en sanscrit, qui a le même sens). 

D'une certaine manière, la numération de position, par l'usage qu'elle fait du signe, touche à la condition même du signe. En elle, le nombre accède au chiffre - et il faut intégrer au mot chiffre tout ce qu'il évoque de code, de système, de voilement et de dévoilement. Elle opère ainsi en utilisant un nombre fini de signes qui, par les places qu'ils occuperont respectivement, renverront à tel ou tel nombre. Nous voyons ici combien c'est au mystère même de la langue - langue écrite - que nous sommes conviés ; c'est sur cette scène, bien dégagée, du nombre que se joue cet antique mystère. 

Au départ de cette véritable aventure, se situe donc la notion de « base », c'est-à-dire celle de groupement d'un « nombre » fixe d'objets, un procédé de comptage. (On ne saurait trop insister sur le fait que, dans l'enseignement, ces bases devraient être au maximum de trois ou quatre éléments, afin que l'on puisse saisir au premier coup d'¦il le groupement en question). Dès lors, c'est par l'apprentissage d'un mouvement récurrent ayant comme limite le « un » que se constitue cette numération : fondamentalement, le « un » comme opérateur (celui de la base) agit sur le « un » comme nombre pour l'instituer « un » comme chiffre. La récurrence consiste en ce que ce qui est à définir - à écrire - à savoir le « un » comme nombre, est utilisé dans la définition - le « un » comme opérateur de base. Par passage à la limite, nous retrouvons le « un » enrichi d'une nouvelle détermination, celle de chiffre, qu'il a recueillie dans l'intervalle. 

Auprès des enfants, tout commence par un jeu : l'utilisation de l'abaque. L'abaque ou le boulier sont des outils de comptage connus de la plus haute antiquité. Le même principe est à l'¦uvre dans l'un comme dans l'autre : des jetons représenteront dix fois la valeur qu'ils ont dans la ligne ou la rangée précédente. On connaît la disposition usuelle qui consiste à dénombrer les jetons dans chaque colonne d'un tableau. Dès lors ce sera par une loi clairement énoncée dont le deux volets sont, - à partir de maintenant, le base sera la base dix, - nous n'avons plus besoin alors du tableau,que la dimension de castration va alors intervenir. 

Loi commune, nécessaire à la traduction univoque de ce nouveau langage chiffré, elle est de même nature que celle qui a contraint l'enfant, à travers le « je », à rencontrer la loi commune du langage, y perdant beaucoup de ce qui pouvait s'y véhiculer jusqu'alors d'imaginaire. L'éducation mathématique à ce niveau fondamental procède donc par coups de force successifs. Chacun d'eux fait appel à ce premier modèle, matriciel : l'accès au « je ». Mais pour que s'opère ce « coup de force », encore faut-il qu'il soit préparé et accompli dans la plus grande clarté, faute de quoi il n'atteindrait pas ses buts. Il est nécessaire qu'il constitue une « révélation » - de la nature d'un « insight ». Pour ceci, il faut que la loi soit clairement articulée, énoncée. Cela exige du maître une conscience aigüe de ce qui est mobilisé chez l'enfant. 

Une saine prophylaxie de l'échec scolaire viserait donc à analyser ces moments-là, comme nous avons ici tenté de le faire, et à sensibiliser les maîtres à cette approche - même si les refoulements qui pèsent sur leurs propres échecs infantiles dans la voie de la symbolisation, voire leur propre angoisse de castration, n'aident guère à l'élucidation de cette démarche. 

20 février 1985 

(Un texte que j'ai écrit il y a fort longtemps concernant me semble-t-il le sujet dont vous traitez - ce texte n'a jamais été publié.)




�
THE MYTHIC QUEST OF THE HERO: STEPS TOWARDS A SEMIOTIC ANALYSIS OF MATHEMATICAL PROOF

Paul Ernest

This is a speculative exploration of the semiotics of mathematical text which draws upon diverse sources from philosophy, mythology and literary criticism. It represents an incomplete opening of a line of research, and its tentativity is reflected both in the content and in the adoption of a dialogical style. This allows the counterpoising of different themes without offering a tidy synthesis or end. 

Logos

A social constructivist account of proof as a means of persuading the mathematical community is now widely accepted (Ernest 1991, Tymoczko 1986, Hersh 1993). Gaining acceptance from expert judges who act as gatekeepers in mathematics is thus the key epistemological role of proof.  But for those who accept that the traditional absolutist role of logic has been dethroned, a question remains. What does the reader of mathematical proof experience that convinces her or him to accept the theorem, instead of flawless logic alone?  What psychological processes are involved in the reader experiencing the text? What does the reader of a mathematical proof experience that convinces him or her to accept it?  Given that the proof is a text, how does the reader engage with that text decisively?

Mythos

Out of swirling watery chaos, itself the mingling of three god essences, emerged pairs of gods, the second pair Anshar-Kishar giving birth to sky and earth. These were forced apart by wind, creating the frame of the world. In this world, movement personified by the activity of the gods had come into being. The primeval chaos threatens them, but Ea-Enki, the earth, employs a command or spell, a 'word of power' to subdue it. Into the world comes the son of Ea, Marduk (Enlil in earlier versions), the Hero of the creation myth. He collects to himself vast powers, and undertakes a series of adventures, defeating powerful opposing forces, and creates stability and the world order, with the stars in their regular movements.� 

Logos

This paper offers a tentative social constructivist and semiotic-based exploration of proof, which is intended to also describe the way some learners of mathematics interact with texts and tasks.

First of all every reader of mathematical text or proof approaches the task with a long and complex personal history, and within a socio-cultural context or discursive practice.  Every sign, fragment of text, or task in mathematics has two intertwined and inseparable in all but name aspects: that of signifier and signified. My claim is that the realm of signifieds is an imaginary, textually-defined realm, which via processes of intuition ultimately forms the platonic universes that mathematicians’ thoughts inhabit.  Part of any mathematics learner’s or mathematician’s role in interpreting a mathematical text is to imagine a miniature math world signified by the text. But in reading a proof or carrying out a classroom task, the reader is following (or accomplishing) the transformation of that text. In doing this, according to Rotman’s (1993) analysis the mathematician is carrying out imagined text based actions. In reading a proof, these involve imagined actions coupled with transformations of text which have a cyclic pattern. The beginning is the announcement of the endpoint, the theorem to be proved. This is followed by an imagined voyage through text and underlying math-world, until the endpoint is reached. (For the learner undertaking a mathematical task, the beginning is a pointer to the endpoint – a directive to ‘solve’ the problem: this is both to undertake a quest, and to transform a text.) 

According to Rotman (1993) the mathematician alternates his identity or subjectivity between that of the mathematician and his agent: the imagined skeletal representation of self - like the moving fingertip on a map retracing a journey. This representation of self - like the turtle in Logo - or the hero/agent in a computer adventure game - traces out a journey of adventure, analogous to the universal ‘hero with a thousand faces’ in Campbell’s (1956) mythic cycle.

Mythos

In the beginning was the Word, and the Word was with God, and the Word was God. ... And the Word was made flesh.�

In the beginning God created the heaven and the earth.

And the earth was without form, and void; and darkness was upon the face of the deep. And the Spirit of God moved upon the face of the waters.

And God said, Let there be light: and there was light.

And God saw the light, that it was good: and God divided the light from the darkness.

And God said, Let there be a firmament in the midst of the waters, and let it divide the waters from the waters.

And God made the firmament, and divided the waters which were under the firmament from the waters which were above the firmament: and it was so.�

Who utters these words? Is it God who is word and utters word? Is it humanity who hears the word and tells the story beginning a never-ending dialogue?

Logos

In the paper I explore this analogy, and also that between algorithm and proof, and argue that the latter pair have more in common than is often acknowledged. Thus involvement in the procedures of school mathematics provides an apprenticeship for the future mathematician, in which she learns to project her self into the script, programme, or imagined math-world of the mathematical task. However my conjecture is that the future mathematician learns (1) to obey the imperatives in mathematical text, (2) to write such mathematical texts, and (3) to jump out of the script (i.e. change role from subjected agent to mathematician) and critique it. However many others learn only to be a regulated subject (i.e.1 above), carrying out on paper and in mind what it needs only a machine to do.

Mythos

In the beginning there is a primal Unity, a state of indistinction or fusion in which factors that will later become distinct are merged together.

Out of this Unity emerge, by separation, pairs of opposite things or 'powers'...This separating out finally leads to...the world-order and the formation of the heavenly bodies

The opposites interact or reunite, in...phenomena and in the production of individual...things.� 

Logos

It has been remarked that in modern Anglo-Saxon thought there are two incommensurate cultures, that of science and that of the humanities and literary thought (Snow 1959).�

However much modern continental European philosophy and post-modernist thought reject this division and parallel dichotomies such as the following: absolute logical knowledge versus fallible empirical knowledge, representational language versus poetic language, mind and rational thought versus body and feeling, word versus deed, Logos versus Mythos.

What has emerged from such perspectives is the pre-eminence of language and narrative, concretely realised in the world. According to Lyotard (1979) all scientific knowledge must present itself as a narrative to legitimate itself. 

No one doubts that literature, philosophy, and mathematics once had “primitive” connections. ... [T]heir more contemporary objects and “objectivities” are, like all that seems prime, no less compellingly entwined. (Smyth 1995, 648)

Mythos

Out of the chaos of informal human and mathematical conversation, experience and knowledge comes the linguistic sign. This bifurcates into the signifier and the signified. The sign brings into existence the Assumed and the Unassumed, the Expressed and the Unexpressed, the Belonging and the Excluded, the True and the False. Out of the Assumed, the Expressed and the Belonging is formed the math-world. In it emerges the Subject (or Agent) with powers defined by the math-world, who starts to construct the world order. Thus a theory, especially a foundational theory, is constructed in a mathematical creation myth.

In this way, Euclid's Elements begins with a pregnant void, into which is defined a point, with no parts or magnitude, the centre and location of the subject in geometry. The point multiplies, and Line is brought into existence, followed by Plane, Angle, and Plane Figures. All of these exist at first only as Ideal Types, in the textual space of definitions, not yet born in the math-world of Euclidean Space. The postulates specify the power of an Agent; to draw lines and circles in the math-world. The axioms specify the power of the Subject in making textual transformations; which icons and signs may be transformed into others (the properties of identity). Other postulates and axioms describe the intended structural and textual constraints (the rules) of Geometry, such as the uniqueness of right angles and parallel lines, and how set inclusion implies corresponding measure order relations. 

Logos

From such a perspective, all mathematical and scientific knowledge, mathematical proof in particular, are discursive forms, are narratives. Thus it is appropriate to apply the tools of linguistics, semiotics and literary analysis to mathematics. Thus I pose the questions: What tales do mathematical proof narratives tell? Who is the teller of mathematical tales and who is the listener?  What syntactical and linguistic forms are employed in the story and how do they relate to the content of the tale?  If mathematics is written in sentences what are their subjects, objects and verbs? How are the ideas of necessity and certainty of mathematical knowledge formed and expressed? How is the platonic realm of mathematical forms and objects created and sustained by mathematical narratives?

Mythos

Thus the scene is set for the construction of Euclidean geometry, the math and textual worlds created, awaiting the adventures of the Hero, and the Agent/Subject invisibly in place, with powers of textual transformation and of the construction of mathematical objects in the math-world. Now begins a series of adventures (the propositions). These are textual narratives, with ancillary iconic illustrations (maps of the math-world), in which the Agent uses its powers to construct increasingly elaborate figures, and textual transformations describe necessary properties of the constructed figures. The outcome is both a persuasive narrative, and the development of a new power for the Agent. or of a new legitimate textual transformation. (The persuasive aspect legitimates the new powers of the agent.) The Elements of Euclid, through a sequence of propositions, each itself a linked instance of a hero-cycle, brings into being and elaborates a math-world. It is a creation myth. It tells the story of the creation of the world of Geometry. Indeed, it is the creation of the world of Geometry, for the Storyrealm and the Taleworld it creates are inseparable. For the reader, whose geometric agency runs through the narrative, garnering powers, it creates the subjective math world corresponding to this cultural math world.

Logos

Young (1987) proposes a structured theory of narrative based on the frame analysis of Goffman, Natanson and others. She locates narratives in the realm of conversation, and regards them as existing on two levels, or in two frames. First there is the storyrealm, which is the narrative text itself. Second, there is the Taleworld, the framed world of meanings created, referred to and traversed in the narrative. Each of these realms exists within a frame, which is indicated by opening and closing markers signalling the move in or out of the frame. According to her theory, the following common structure is shared by narratives. Within the realm of conversation, a 'preface' announces a coming narrative, and an 'opening' indicates a move into the storyrealm, where the narrative begins. Following this a 'beginning' indicates a shift into the Taleworld, where the story unfolds until it reaches its conclusion or 'end'. This signals a move back out of Taleworld into the storyrealm. A further move out of the storyrealm is signalled or framed by a 'closing', and back in the realm of conversation a 'coda' puts a final marker to show that the storyrealm is closed.

This structure suggests both a symmetry and a cyclic structure to narratives, which  begin and end with a single narrator in the realm of conversation. From this start, they move into the Taleworld, cross the threshold into the storyrealm, traverse the tale itself, then cross back into storyrealm, and before finally returning into the realm of conversation. There is a strong symmetry (reflectional symmetry in time) with matched openings and closings throughout. This symmetry, with the consequent return to the original realm of conversation, gives the structure an implicit circularity. 

This theoretical account suits that of mathematical proof well in several ways. A semi-formal or informal proof is a narrative, which begins at the level of language (the signifier level), moves to that of meanings (the level of signifieds), and then finally returns to the level of language at the end. It is also a cyclic narrative, as I shall further elaborate below. There are markers in proofs indicating openings or beginnings and closings or ends. Thus there is a good fit between the patterns. One are of difference is that a semiformal proof may alternate between the level of language and that of meanings more than once, unlike the story pattern. But that could easily be generalized; and indeed modern novels and film narratives often alternate between the levels of medium and content several times.

A mathematical proof or problem-solving task in mathematics (see Ernest 1993) may thus be seen to have a similar structure, comprising a sequence of signs which can be understood both as a sequence of textual transformations on the level of signifiers (the storyrealm) and of conceptual transformations on the level of signifieds (the Taleworld). 

A simplified diagram illustrating these transformations is shown in Figure 1.

Figure 1:  A completed mathematical task as a semiotic transformation 
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I shall leave aside tasks and focus on proof here. In mathematical terms, this transformational ‘narrative’ can be understood as have a cyclic structure because it begins with the statement of theorem to be proved, and ends by returning to the theorem, but this time having reached it with a proof, having provided an epistemological warrant for it. Mathematically, we can understand a mathematical proof as having the following structure

The Cyclic Pattern of Mathematical Proof
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The stages in the journey are:
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Mythos

Like the Creation Myth of Genesis, that of Euclid is an ur-myth for Western Culture. It brings into being a world and an Agent, and then charts the further construction and elaboration of that world by the Agent's powers. The foundationist narratives of Logicism, intuitionism, and indeed the account of many formal mathematical theories follows the Creation Myth pattern. 

Brouwer's Intuitionism provides an idealistic account of the creation of mathematics in the mind of the Mathematician. There mathematics emerges from, out of the chaos of phenomenological experience. (Like Berkeley's epistemology, it assumes that knowing is grounded in an omniscient consciousness, or at least a universal consciousness). It begins with the awareness of 

the falling apart of moments of life into qualitatively different parts, to be reunited only while remaining separated by time, as the fundamental phenomenon of the human intellect, passing by abstracting from its emotional content into the fundamental phenomenon of mathematical thinking, the intuition of the bare two-oneness. This intuition of two-oneness, the basal intuition of mathematics, creates not only the numbers one and two, but also all finite ordinal numbers, inasmuch as one of the elements of the two-oneness may be thought of as a new two-oneness, which process may be repeated indefinitely; this gives rise still further to the smallest infinite ordinal number . Finally, this basal intuition of mathematics, in which the connected and the separate, the continuous and the discrete are united, gives rise immediately to the intuition of the linear continuum, i.e., of the 'between,' which is not two-oneness. (Brouwer 1913, 69)

Here the Math-world is a recess or niche in he phenomenological world of the Mathematician (not too dissimilar from Berkeley's account of existents as percepts in the mind of God). Within that global space, an agency is projected downwards to become the Constructive Agent, whose limited powers, through various adventures and Hero Cycles, lead to the construction of Intuitionist Mathematics. One of the unique features of Intuitionism is the concern with the precise powers of the Agent. These are not extended and idealised beyond those of a mathematician as far as those of the Agent in classical mathematics. Intuitionism and constructivism in general are concerned to allow just those powers to the agent which seem appropriate, according to some, varying conception of what journeys can be undertaken in Math-world. This links to the view that intuitionistic mathematics should in some way be the pre-linguistic adventures of the Agent/Hero, although I reject this perspective of it. Classical mathematics admits a range of transformations which can be applied to signifiers themselves, and does not focus exclusively on the domain of signifiers. Indeed it all the while seeks to minimise reliance on the realm of signifieds.

Logos

Johnson (1987) argues that many of our most abstract ideas originate in a range of basic bodily experiences and experiential conceptions. He suggests that the presence of such conceptions is revealed through the pattern of metaphors we use in texts and conversation. In particular, he points to the centrality of the metaphors of path and journey for logical reasoning or deduction.

Let us begin with the way we understand formal reasoning. When we reason, we understand ourselves starting at some point (a proposition or set of premises) from which we proceed in a series of steps to a conclusion (a goal, or stopping point). Metaphorically, we understand the process of reasoning as a form of motion along a path--propositions are the locations (or bounded areas) that we start out from, proceed through, and wind up at. Holding a proposition is understood metaphorically as being located at that point (or in that area). This very general metaphorical system is reflected in our language about reasoning in a large number of ways.  (Johnson 1987: 38)

Descriptions of proof include figures of speech reflecting this underlying metaphor. A proof has a "starting point", followed by "proof steps" "to reach" the "intended endpoint". Thus a proof can be interpreted as a cyclical journey. My claim is that this is part of a deep and shared meaning of all proof structures. 

In modern English uses the term 'premises' is used both for the assumptions of a proof, and for a house, which is presumably the starting point of most journeys. This fits well with the metaphor of proof as journey. Etymologically, this double meaning of 'premises' does not arise from the metaphor. Historically the disposition of property in legal conveyancing was contained in the early section, the 'premises of the deed'. Through a metonymic shift, the term premises has become the general name of a building. 

Mythos

Homage to thee, Osiris, Lord of eternity, King of the Gods, whose names are manifold. ... Thou art the Lord to whom praises are ascribed in the name of Ati.

Thy name is established in the mouths of men. Thou art the substance of Two Lands. Thou art Tem, the feeder of Kau (Doubles)

Thy fear is set in all the lands by reason of thy perfect love, and they cry out to thy name making it the first of names.

Logos

It needs to be made clear that the transformational narrative which is a proof need not consist of a straightforward transformation. While Lakatos' informal thought experiment proof is likely to be of this type, as is illustrated in the earlier proofs of the Euler Relation (Lakatos, 1976), more formal proofs can be rather more convoluted.� They may, for example, assume the opposite of the theorem to be proved, and then proceed by the method of proof by contradiction. Although this particular form, proof by contradiction, is controversial to the extent that it is rejected by constructivists, Intuitionists, in particular, because it does not allow the theorem to be directly constructed.

Mythos

The pattern of proof finds a full analogue in the Hero Cycle proposed by Campbell (1956) in his analysis of ancient religious and cultural myths. In this cycle the mythological hero leaves his familiar surroundings, sets off on his quest, and having accomplished it, returns, transformed or enriched in the process.

The standard path of the mythological adventure of the hero is a magnification of the formula represented in the rites of passage: separation--initiation--return: which might be named the nuclear unit of the monomyth. A hero ventures forth from the world of common day into a region of supernatural wonder: fabulous forces are encountered and a decisive victory is won: the hero comes back from this mysterious adventure with the power to bestow boons on his fellow [hu]man[s].  Campbell (1956: 30)

In elaborating on this cycle Campbell remarks on a number of key stages. It begins with the hero hearing an announcement or call to adventure. The hero meets a helper, and then crosses the threshold into the realm of adventure. There he may meet and pass certain tests, and be aided by further helpers or tools. He then accomplishes the central task or object of the adventure. This is followed by the return, possibly in flight, bearing the powers, gift, knowledge or elixir. The hero then re-crosses the threshold out of the realm of adventure into the starting realm. He returns to his starting point enhanced by his newly gift, and the cycle is complete.

This is typified in the archetypal quest narrative of Homer, the Odyssey, and is the shared pattern of all hero myths, Odysseus, Wotan, the Frog King, the Trickster, Jesus Christ, Finn McCool and Buddha. 

Logos

Another analogue of cyclic transformation can be found in Alchemy, in which a common substance following complex (Al)chemical procedures is transformed into gold. Both of these types of narrative of transformation can be understood as allegorical accounts of spiritual enlightenment in which the initiate's mind goes on a voyage of self-discovery and returns, but transformed and elevated to a higher level (Jung, 1974). In other words, the cycle results in the acquisition of knowledge.

The features of the hero cycle resemble the story and myth analysis of the Russian formalists Propp and Todorov.  Propp (1928) notes a shared formal structure and sequence of functions in many myths and folk-tales, which he claims all end in some form of gratified desire or successful quest. In the same way, all proofs seek through transformations to reach their intended and preordained endpoint, the theorem to be proved.  Thus a partial analogy between proofs and such structures can be noted. Propp describes archetypal characters who appear in tales as hero, villain, dispatcher, false hero, donor, helper, princess, father. Counterparts of many of these characters occur in Campbell’s Hero Cycle. Of course mathematical proofs do not have personal characters. So to press the metaphor I have to use what might be termed the ‘reverse allegorical function’: converting characters into abstract objects and concepts or expressions.  Similarly (but oppositely), in allegories such as Buchan’s Pilgrim’s Progress, abstract objects concepts or terms are turned by an ‘allegorical function’ into persons, places and other concrete particulars.   

Mythos

What we call the beginning is often the end

And to make an end is to make a beginning.

The end is where we start from.

...

We shall not cease from exploration

And the end of all of our exploring

Will be to arrive where we started

And to know the place for the first time.

Eliot (1944: 42-3)

Logos

The interdependence of ends and beginnings in narratives is stressed by Young.

The appearance of consequentiality in narrative is produced by counting the last event taken from the Taleworld as an end, and then constructing the story backwards to include whatever is necessary to account for it, thus arriving at the beginning. Beginnings do not so much imply ends as ends entail beginnings.  Young (1987: 29)

In a mathematical proof, the theorem is first stated as a conjecture, or statement-to-be-proved, and then after a transformational sequence or journey it reappears, justified and enhanced.  Furthermore, to achieve the desired endpoint, the journey to it must be constructed with that end in mind. So the end informs the beginning, and all the subsequent stages. Overall, the beginning is indeed the end, and by the end there is new knowledge of the beginning.

There is thus a parallel between Campbell's hero myth cycle and mathematical proof , which can be brought out, using the stages in Young theory of narrative. 

The parallel is good in many points, and weak in others. Thus the hero myth cycle could be matched with the tale in the Taleworld, but this would reduce the significance of  the threshold crossing, and its parallel with the move from the level of signifiers to the realm of signifieds. The parallel also leaves a number of questions unanswered. Such as, what is a proof about? Beyond its structure, what is its subject matter or subject? Is there an analogue to the hero?

Mythos

Rotman (1993) draws on C. S. Peirce's notion that a proof is a kind of diagram and that in following a proof you are projecting a miniature image of yourself through some kind of terrain. The person can engage with, can read or write an normal text. In contrast the mathematician has a different kind of subjectivity to the person and has to relinquish certain resources a person has - in reading and writing, s/he has no access to indexicals - s/he can't refer to himself, or time or space, the genre that s/he has to engage with is one that is objectified, it has been cleansed of particular reference. The genre of mathematical writing is thus in an eternal present tense. , where if there is an individual pronoun, personal pronoun, it would be `we', which somehow is carrying a mathematical community through, or it could be the writer is carrying the reader through (like Virgil and Dante).

Logos

A mathematician reading mathematics also creates an agent: a mindless, unreflective automaton which is the tiniest identity within the of Chinese box of identities created, and when the text says “let ...”, or “we sum this to infinity”, it is this little agent who zips off in his imagined space, and carries out these actions. In doing mathematics we learn to create agents, and we are persuaded by the imagined actions of these agents. Rotman argues that proofs are fundamentally claims about what an agent can do under the circumstances laid out, and also series of instructions, or programmes, and the reader has to imagine the agent going through the prescribed actions. 

A convincing proof is one in which the constructions, passages, imagined transformations seem to inevitably achieve the required and predicted end result.

Where is the hero? There is nobody in a proof, it is an empty formal structure, so how can there be a hero or any character? The hero is the wave-front of the readers attention as it progresses through the proof. It may be in the form of mathematician, reading the text and imagining the virtual space it signifies. It may be in the form of the agent carrying out the imagined procedures, etc., of the text. There is no hero in the text until the mathematician-reader passes the text through his/her mind, or rather passes his/her mind through the text.�
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COMMENTARY ON DEHAENE

George Lakoff

I have been waiting anxiously for Dehaene's book to reach the local bookstores here. I am, however, familiar with his previous work and applaud it. I assume his current book is based on his earlier work and takes the case further. This research, and earlier research on subitizing in animals, has made it clear that our capacity for number has evolved and that the very notion of number is shaped by specific neural systems in our brains.

Dehaene is also right in comparing mathematics to color. Color categories and the internal structures of such categories arise from our bodies and brains. Just as color categories and color qualia are not just "out there" in the world, so mathematics is not a feature of the universe in itself. As Dehaene rightly points out, we understand the world through our cognitive models and those models are not mirrors of the world, but arise from the detailed peculiarities of our brains. This is a view that I argued extensively in Women, Fire, and Dangerous Things, back in 1987.

Rafael Nunez and I are now in the midst of writing a book on our research on the cognitive structure of mathematics. We have concluded, as has Dehaene, that mathematics arises out of our brains and bodies. But our work is complementary to Dehaene's. We are concerned not just about the small positive numbers that occur in subitizing and simple cases of arithmetic. We are interested in how people project from simple numbers to more complex and "abstract" aspects of mathematics.

Our answer, which we have discussed in previous work and will spell out in our book, is that other embodied aspects of mind are involved. These include two particular types of cognitive structures that appear in general in conceptual structure and language.

(1) Image-schemas, that is, universal primitives of spatial relations, such as containment, contact, center-periphery, paths, and so on. Terry Regier (in The Human Semantic Potential, MIT Press) models many of these in terms of structured connectionist neural networks using models of such visual cortex structures as topographic maps of the visual field, orientation-sensitive cell assemblies, and so on.

(2) Conceptual metaphors, which cognitively are cross-domain mappings preserving inferential structures. Srini Narayanan, in his dissertation, models these (also in a structured connectionist model) using neural connections from sensory-motor areas to other areas. Narayanan's startling result is that the same neural network structures that can carry out high-level motor programs can also carry out abstract inferences about event structure under metaphorical projections. Since metaphorical projections preserve inferential structure, they are a natural mechanism for expanding upon our inborn numericizing abilities.

Nunez and I have found that metaphorical projections are implicated in two types metaphorical conceptualization. First, there are grounding metaphors that allow us to expand on simple numeration using the structure of everyday experiences, such as forming collections, taking steps in a given direction, and so on. We find, not surprisingly, that basic arithmetic operations are metaphorically conceptualized in those terms: adding is putting things in a pile; subtracting is taking away. Second, there are linking metaphors, which allow us to link distinct conceptual domains in mathematics. For example, we metaphorically conceptualize numbers as points on a line. In set-theoretical treatments, numbers are metaphorized as sets. Sets are, in turn, metaphorically conceptualized as containers - except in non-well-founded set theory, where sets are metaphorized as nodes in graphs. Such a "set" metaphorized as a node in a graph can "contain itself" when the node in the graph points to itself.

We have looked in detail at the conceptual structure of cartesian coordinates, exponentials and logarithms, trigonometry, infinitesimals (the Robinson hyperreals), imaginary numbers, and fractals. We have worked out the conceptual structure of e to the power pi times i. It is NOT e multiplied by itself =BC times and the result multiplied by itself i times-whatever that could mean! Rather it is a complex composition of basic mathematical metaphors.

Our conclusion builds on Dehaene's, but extends it from simple numbers to very complex classical mathematics. Simple numeration is expanded to "abstract" mathematics by metaphorical projections from our sensory-motor experience. We do not just have mathematical brains; we have mathematical bodies! Mathematics is not "abstract", but rather metaphorical, based on projections from sensory-motor areas that make use of "inferences" performed in those areas. The metaphors are not arbitrary, but based on common experiences: putting things into piles, taking steps, turning around, coming close to objects so they appear larger, and so on.

Simple numeration appears, as Dehaene claims, to be located in a confined region of the brain. But mathematics - all of it, from set theory to analytic geometry to topology to fractals to probability theory to recursive function theory - goes well beyond simple numeration. Mathematics as a whole engages many parts of our brains and grows out of a wide variety of experiences in the world. What we have found is that mathematics uses conceptual mechanisms from our everyday conceptual systems and language, especially image-schemas and conceptual metaphorical mappings than span distinct conceptual domains. When you are thinking of points inside a circle or numbers in a group or members of set, you are using the same image-schema of containment that you use in thinking of the chairs in a room.

There appears to be a part of the brain that is relatively small and localized for numeration. Given the subitizing capacity of animals, this would appear to be genetically based. But the same cannot be said for mathematics as a whole. There are no genes for cartesian coordinates or imaginary numbers or fractional dimensions. These are imaginative constructions of human beings. And if Nunez and I are right in our analyses, they involve a complex composition of metaphors and conceptual blends (of the sort described in the recent work of Gilles Fauconnier and Mark Turner).

Dehaene is right that this requires a nonplatonic philosophy of mathematics that is also not socially constructivist. Indeed, what is required is a special case of experientialist philosophy (or "embodied realism"), as outlined by Mark Johnson and myself beginning in Metaphors We Live By (1980), continuing in my Women, Fire and Dangerous Things (1987) and Johnson's The Body In The Mind (1987), and described and justified in much greater detail our forthcoming Philosophy In The Flesh.

Such a philosophy of mathematics is not relativist or socially constructivist, since it is embodied, that is, based on the shared characteristics of human brains and bodies as well as the shared aspects of our physical and interpersonal environments. As Dehaene said, pi is not an arbitrary social construction that could have been constructed in some other way. Neither is e, despite the argument that Nunez and I give that our understanding of e requires quite a bit of metaphorical structure. The metaphors are not arbitrary; they too are based on the characteristics of human bodies and brains.

On the other hand, such a philosophy of mathematics is not platonic or objectivist. Take a simple well-known example. Are the points on a line real numbers? Well, Robinson's hyperreals can also be mapped onto the line. When they are, the real numbers take up hardly any room at all on the line compared to the hyperreals. There are two forms of mathematics here, both real mathematics. Moreover, as Leon Henkin proved, given any standard axiom system for the real numbers and a model for it, there exists another model of those axioms containing the hyperreals. The reals can be mapped onto the line. So can the hyperreals.

So given an arbitrarily chosen line L, does every point on L correspond to a real number? Or does every point on L correspond to a hyperreal number? (If the answer is yes to the latter question, it cannot be yes to the former question - not with respect to the same correspondence.) This is not a question that can be determined by looking at the universe. You have a choice of metaphor, a choice as to whether you want to conceptualize the line as being constituted by the reals or the hyperreals. There is valid mathematics corresponding to each choice. But it is not a matter of arbitrariness. The same choice is not open for the integers or the rationals.

Mathematics is not platonist or objectivist. As Dehaene says, it is not a feature of the universe. But this has drastic consequences outside the philosophy of mathematics itself. If Dehaene is right about this-and if Reuben Hersh and Rafael Nunez and I are right about it-then Anglo-American analytic philosophy is in big trouble. The reason is that the correspondence theory of truth does not work for mathematics. Mathematical truth is not a matter of matching up symbols with the external world. Mathematical truth comes out of us, out of the physical structures of our brains and bodies, out of our metaphorical capacity to link up domains of our minds (and brains) so as to preserve inference, and out of the nonarbitrary way we have adapted to the external world. If you seriously believe in the correspondence theory of truth, Dehaene's work should make you worry, and worry big time.

Dehaene's work is also very bad news for the theory of mind defended in Pinker's How The Mind Works (pp. 24-25), namely, functionalism, or the Computer Program Theory of Mind. Functionalism, first formulated by philosopher Hilary Putnam and since repudiated by him, is the theory that all aspects of mind can be characterized adequately without looking at the brain, as if the mind worked via the manipulation of abstract formal symbols as in a computer program designed independent of any particular hardware, but which happened to be capable of running on the brain's wetware. This computer program mind is not shaped by the details of the brain.

But if Dehaene is right, the brain shapes and defines the concept of number in the most fundamental way. This is the opposite of what the Computer Program Theory of Mind says, namely, that the concept of number is part of a computer program that is not shaped or determined by the peculiarities of the physical brain at all and they we can know everything about number without knowing anything about the brain.

Challenging the Computer Program Theory of Mind is not a small matter. Pinker calls it "one of the great ideas in intellectual history" and "indispensable" to an understanding of mind. Any time you hear someone talking about "the mind's software" that can be run on "the brain's hardware," you are in the presence of the Computer Program Theory.

Dehaene is by no means alone is his implicit rejection of the Computer Program Theory. Distinguished figures in neuroscience have rejected it (e.g., Antonio Damasio, Gerald Edelman, Patricia Churchland). In our lab at the International Computer Science Institute at Berkeley, Jerome Feldman, I, and our co-workers working on a neural theory of language, have also become convinced by results in our lab indicating that it is wrong. I refer to the results mentioned above by Regier and Narayanan indicating that conceptual structure for spatial relations concepts and event structure concepts are created and shaped by specific types of neural structures in the visual system and the motor system.

Dehaene's work is important. It lies at the center of some of the deepest and most important issues in philosophy and in our understanding of what the mind is and, hence, what a human being is. Consider one last implication. It has been taken for granted since the Greeks that what distinguishes human beings from animals is the capacity for reason. Since at least the Enlightenment, reason has been seen as a separate and unitary faculty, distinct from anything that animals have. Mathematics has been taken as the best example of reason. But if animals have even some significant part of our basic capacity for numeration, then they have part of our capacity for reason. That means that faculty psychology was wrong. It was wrong that the jump from primates to human beings was a jump from no-part-of-reason to total reason.

What is at stake in Dehaene's work? (1) The objective existence of mathematics external to all beings and part of the structure not only of this universe but of any possible universe (Platonism). (2) The correspondence theory of truth, and with it all of Anglo-American analytic philosophy. If the correspondence theory falls, the whole stack of cards falls. (3) Functionalism, or The Computer Program Theory of Mind.(4) The idea that human beings have all of reason and animals have none.

I can barely wait for his new book to get to my local bookstore. 

The above is a recent reply by George Lakoff to comments on S. Dehaene's coming book "The number sense: How mathematical knowledge is embedded in our brains" (original French title: La bosse des maths). In this comment, posted for another group, Lakoff refers to the work he and I have been doing for the last 2 years on the cognitive science of mathematics (and which we believe has implications for math education).

Rafael E. Nunez

Institute of Cognitive Studies, University of California at Berkeley, Berkeley, CA 94720, USA

nunez@cogsci.berkeley.edu
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RESPONSE TO ‘COMMENTARY ON DEHAENE’ BY GEORGE LAKOFF

Paul Ernest

Rafael Nunez kindly forwarded George Lakoff's Commentary on Dehaene to me (and others), and it raises deep and interesting issues to which I cannot resist responding. So I don't get your attention under false pretences let me say that what I offer below is a defence of the social constructivism which Lakoff critiques.

Like George Lakoff I am waiting impatiently for a book, but is the one Rafael Nunez and he himself are writing on their research on the cognitive structure of mathematics. I have as yet only seen the earlier draft 'The Metaphorical Structure of Mathematics: Sketching Out Cognitive Foundations For a Mind-Based Mathematics', but it holds great promise for a semiotic theory of mathematics. If we momentarily view the conceptual structure of mathematics as a many storied sky-scraper, each floor at a greater level of abstraction than the one below, this semiotics would locate the basement in embodied knowing - metaphors that arise from being in and of the world. As Piaget, Bruner, Varela and others have realized, our knowing is at some level rooted enactively in our knowledge of moving in and interacting with the world around us. Lakoff and Johnson had the wisdom to extend the range of metaphors derived by these means to a much richer repertoire than that allowed by Piaget and Bruner. These metaphors then, are in part, the signifieds of mathematical expressions, thus founding mathematics on a semiotic basis. They also form interdomain links, both horizontal and vertical. Thus, as Lakoff says, mathematics is based in both image-schemas, the universal primitives of spatial relations, and conceptual metaphors, described cognitively as cross-domain mappings.

Lakoff goes on to conclude, like Dehaene, that mathematics arises out of our brains and bodies. I agree, but would wish to add, it also arises from our conversations and inter-personal relations, and these are an essential part of it (in the sense of being ineliminable). We are human beings, not animals, and as humans we are profoundly shaped by our interdependencies, contexts and cultures, which overlay and run through our bodily (and brain) experiences.

It appears as Dehaene, Lakoff  and others say, we have an inbuilt capacity for counting, just as we do for language and for recognizing human faces, clearly vital skills for becoming a social being.

Lakoff claims that cartesian coordinates, imaginary numbers, fractional dimensions, and mathematics as a whole are imaginative constructions of human beings. He agrees with Dehaene that this requires a nonplatonic philosophy of mathematics that is also not socially constructivist. 

"Such a philosophy of mathematics is not relativist or socially constructivist, since it is embodied, that is, based on the shared characteristics of human brains and bodies as well as the shared aspects of our physical and interpersonal environments. As Dehaene said, pi is not an arbitrary social construction that could have been constructed in some other way. Neither is e, despite the argument that Nunez and I give that our understanding of e requires quite a bit of metaphorical structure. The metaphors are not arbitrary; they too are based on the characteristics of human bodies and brains."

This is why I feel impelled to comment. A social constructivist philosophy of mathematics can be relativist (in a weak sense) without regarding mathematics (or any area of knowledge) as arbitrary. It can accept that there are constraints in the brain, body, physical environment, and culture, but that even so mathematical knowledge is emergent and underdetermined (i.e., not logically necessitated and predicted) by these constraints. There are degrees of freedom in it; more than are commonly recognized.

Like Lakoff's experientialist philosophy or "embodied realism", an appropriately formulated social constructivism is not platonic or objectivist. It also shares the view that the correspondence theory of truth does not work for mathematics. Lakoff suggests that mathematics is at least in part, invented not discovered, and I want to argue that this is also the position of the variety of social constructivism that I sketch below. We both challenge the absolutist view of mathematics as universal, objective and certain.

In my forthcoming book Social Constructivism as a Philosophy of Mathematics (SUNY Press, 1997), I argue that not only is mathematics fallible, but it is created by groups of persons who must both formulate and critique new knowledge in a formal 'conversation' before it counts as accepted mathematics. Knowledge creation is part of a larger overall cycle in which mathematical knowledge is presented to learners in teaching and testing 'conversations' in schools and universities, before they themselves can become mathematicians and participate in the creation of new knowledge. This perspective offers a middle path between the horns of the traditional objective/subjective dilemma in knowledge. According to social constructivism, mathematics is more than a collection of subjective beliefs, but less than a body of absolute objective knowledge, floating above all human activity. Instead it occupies an intermediate position. Mathematics is cultural knowledge, like the rest of human knowledge. It transcends any particular individual, but not all of humankind, like art, music, literature, religion, philosophy and science. Our knowing may be partly grounded in embodied knowing, but as Vygotsky says, this gets woven into our language usage and transformed into higher level thought. Only through interpersonal conversation and living cultures can we come to know and create mathematics. And, according to social constructivism, only through conversation and cultural emergence does mathematics come into being and develop.

This is a fallibilist view that tries to account for mathematics naturalistically, that is in a way that is true to real world practices. Unfortunately, social constructivism is too often caricatured by opponents as claiming that mathematics may be part or all wrong; that since mathematics is not absolutely necessary it is arbitrary or whimsical; that a relativist mathematics, by relinquishing absolutism, amounts to 'anything goes' or 'anybody's opinion in mathematics is as good as anybody else's'; that an invented mathematics can be based on whim or spur of the moment impulse; and that if social forces are what moulds mathematics then it must be shaped by the prevailing ideology and prejudices of the day, and not by its inner logic. 

However these claims and conclusions are caricatures. Social constructivism does not mean that some or all of mathematics may be false (although Gödel's incompleteness results mean that we cannot eliminate the possibility that mathematics may generate a contradiction). Instead, it denies that there is such a thing as absolute truth, which explains why mathematics cannot attain it. Truths in mathematics are never absolute, but must always be understood as relative to a background system. Unlike in physics, in which there is just one world to determine what is true or false, mathematics allows the existence of  many different interpretations. So an assumption like Euclid's Parallel Postulate and its denial can both be true, but in different mathematical interpretations (in the systems of Euclidean and non-Euclidean geometries). Mathematicians are all the time inventing new imagined worlds without needing to discard or reject the old ones. 

A second criticism levelled at social constructivism is that if mathematics is not absolutely necessary then it must be arbitrary or whimsical. Relativist mathematics, the criticism goes, by relinquishing absolutism amounts to 'anything goes'. Therefore an invented mathematics is based on whims or spur of the moment impulse. For example, Roger Penrose asks, are the objects and truths of mathematics "mere arbitrary constructions of the human mind?"  His answer is in the negative and he concludes that mathematics is already there, to be discovered, not invented.    

Plausible as this view seems at first, it is often argued on mistaken grounds. Mathematicians like Penrose (in the Emperor's New Mind) often contrast necessity with arbitrariness, and argue that if relativist mathematics has no absolute necessity and essential characteristics to it, then it must be arbitrary. Consequently, they argue, anarchy prevails and anything goes in mathematics. However, contingency, not arbitrariness, is the opposite of necessity. Since to be arbitrary is to be determined by chance or whim rather than judgement or reason, the opposite of this notion is that of being selected or chosen. I wish to argue that mathematical knowledge is based on contingency, due to its historical development and the inevitable impact of external forces on the resourcing and direction of mathematics, but is also based on the deliberate choices and endeavours of mathematicians, elaborated through extensive reasoning. Both contingencies and choices are at work in mathematics, so it cannot be claimed that the overall development is either necessary or arbitrary. Much of mathematics follows by logical necessity from its assumptions and adopted rules of reasoning, just as moves do in the game of chess. This does not contradict fallibilism for none of the rules of reasoning and logic in mathematics are themselves absolute. Mathematics consists of language games with deeply entrenched rules and patterns that are very stable and enduring, but which always remain open to the possibility of change, and in the long term, do change.

The criticism that relativism in mathematics means that "anything goes" and that "anybody's opinion is as good as anybody else's" can be countered by using William Perry's distinction between the positions of Multiplicity and Contextual Relativism. Multiplicity is the view that anyone's opinion is valid, with the implication that no judgements or rational choices among opinions can be made. This is the crude form of relativism in which the opposite of necessity is taken as arbitrariness, and which frequently figures in 'knockdown' critiques of relativism. It is a weak and insupportable 'straw person' position and does not represent fallibilism. Contextual Relativism comprises a plurality of points of view and frames of reference in which the properties of contexts allow various sorts of comparison and evaluation to be made. So rational choices can be made, but they always depend on the underlying contexts or systems. Social constructivists adopt a parallel position in which mathematical knowledge is always understood relative to the context, and is evaluated or justified within principled or rule governed systems. According to this view there is an underlying basis for knowledge and rational choice, but that basis is context-relative and not absolute.

This position weakens the criticism from absolutists that an invented mathematics must be based on whims or spur of the moment impulses, and that the social forces moulding mathematics mean it can blow hither and thither to be reshaped accorded to the prevailing ideology of the day. The fallibilist view is more subtle and accepts that social forces do partly old mathematics. However there is also a largely autonomous internal momentum at work in mathematics, in terms of the problems to be solved and the concepts and methods to be applied. The argument is that these are the products of tradition, not of some externally imposed necessity. Some of the external forces working on mathematics are the applied problems that need to be solved, which have had an impact on mathematics right from the beginning. Many examples can be given, such as the following. Originally written arithmetic was first developed to support taxation and commerce in Egypt, Mesopotamia, India and China. Contrary to popular opinion, the oldest profession in recorded history is that of scribe and tax collector! Trigonometry and spherical geometry were developed to aid astronomy and navigational needs. Later mechanics (and calculus) were developed to improve ballistics and military science.  Statistics was initially developed to support insurance needs, to compute actuarial tables, and subsequently extended for agricultural, biological and medical purposes. Most recently, modern computational mathematics was developed to support the needs of the military, in cryptography, and then missile guidance and information systems. These examples illustrate how whole branches of mathematics have developed out of the impetus given by external needs and resources, and only afterwards maintained this momentum by systematizing methods and pursuing internal problems. 

I welcome the emergence Lakoff's embodied philosophy of mathematics, since it joins with social constructivism in opposing that absolutist views of mathematics that have dominated the field. 

However I hope have shown that a better case can be put for the relativist views of social constructivists; that they make space for the mind, body, and the social, in feeding into the creation of mathematics. For although social constructivists believe that mathematics has a contingent, fallible and historically shifting character, they also argue that mathematical knowledge is to a large extent necessary, stable and autonomous. Once humans have invented something by laying down the rules for its existence, like chess, the theory of numbers, or the Mandelbrot set, the implications and patterns that emerge from the underlying constellation of rules may continue to surprise us. But this does not change the fact that we invented the 'game' in the first place. It just shows what a rich invention it was. As the Giambattista Vico said, the only truths we can know for certain are those we have invented ourselves. Our bodies, minds and our culture feed into that.
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� Because of the nature of the writings of Peirce most of his work was never published during his lifetime, although much of it is available in collected volumes. The standard  reference is to a collection of  8 volumes "The collected Papers of Charles Sanders Peirce" 1931-1958; Cambridge; harvard.it. References are usually given in a standard form (volume number, paragraph number) referring to this collection.

� Cathexis, hence verb 'cathect':  this was coined (from Greek 'kathexein' = to occupy) by James Strachey in 1922 to translate Freud's 'Besetzung' which referred to psychical energy attached to (invested in) to a an object,  thought, etc.

� While Hodge & Kress (1988) point to certain features of children's comics, Saban (1993), who devotes a chapter (Kid's stuff) to the genre, produces a much more finely grained description of children's comics. However, Hodge & Kress is suitable for my purposes.

� The gathering of such evidence is not possible within the confines of the task of writing this paper. Hodge & Kress (1988) support my conjecture with respect to comics, but not necessarily with respect to textbooks.

� Dowling (1993) measures different types of text in the SMP 11-16 series in a similar fashion but refers to ‘textual time’ rather than ‘textual space’.

� This is perhaps the earliest known written creation myth the 'Enuma Elish', which seems to originate in the third millennium BCE (or earlier) Mesopotamia (Jacobsen, 1946).

� From the Gospel of St. John, The Bible, New Testament, book 1, lines 1 and 14. In St. John's Gospel, especially in the prologue (1:1-14), Logos is the creative word of God.

� From the Book of Genesis, The Bible, Old Testament, book 1, opening. In biblical Judaism, Logos is the word of God, which itself has creative power and is God's medium of communication with the human race. 

� Cornford, commenting on the pattern of Ionian cosmogony, and on creation myths in general, notes this pattern, which fits the Enuma Elish (Munitz 1957: 23)

� Ironically, the subject most unfaithful to this divide is mathematics. First it was part of Classics, because Euclid’s elements was read in ancient Greek. Now it is the “Queen and Servant of Science” (E. T. Bell) because “Mathematics [is] the Language of Science” (T. Dantzig).

� This does not detract from the analogy with the Hero Cycle, which in its various cultural forms and instantiations can also be highly convoluted.

� This concludes this tentative incomplete account of work in progress. The dialogical format is intended to underline this effervescent state, as well as to signify the underlying assumption that all knowledge consists of waves in the great sea of human conversation.  Oh, and by the way, I lied about exploring the analogy between algorithm and proof. Next time.
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